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Abstract. Taylor linearization methods are often used in nonlinear regression models to simplify
statistical inferences. Criteria for correct use of such methods are often build on intrinsic curvature of
the original model. When the prior distribution of parameter of expectation is known, the linearization
by smoothing can be used instead of Taylor linearization. Criteria for its use should be based on some
alternative measure of intrinsic curvature. We propose such a measure in the case of one dimensional
expectation parameter.
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1. Introduction

We consider a nonlinear regression model

y = η(θ) + ε; θ ∈ Θ ⊆ Rp, (1)

ε ∼ N(0, σ2IN×N ),

where η(.) : Θ → RN is measurable mapping, y ∈ RN are measurements with errors ε, θ are unknown

parameters, I is identity matrix, and σ > 0 is unknown number.

Some of the properties of the model (1) can be studied by means of differential geometric properties

of its expectation surface, i.e. of the set

Eη := {η(θ); θ ∈ Θ} (2)

(see e.g. [7]). One of the most important characteristics is the intrinsic curvature Kint(θ) of the model

(1) in the point θ:

Kint(θ) := sup
u∈Rp�{0̄}

‖[I − P (θ)]u>H(θ)u‖
u>M(θ)u

, θ ∈ int Θ, (3)

where

P (θ) :=
∂η(θ)
∂θ>

(
∂η>(θ)

∂θ

∂η(θ)
∂θ>

)−1 ∂η>(θ)
∂θ

is the projector onto the tangent space of manifold Eη in the point θ, M(θ) := ∂η>(θ)
∂θ

∂η(θ)
∂θ>

and H(θ) :=
∂2η(θ)
∂θ∂θ>

is 3−dimensional array of the second derivatives. For example, some functions of this quantity

can serve as criteria of admissibility of Taylor linearization of model (1) in some a priori given point θ0

with regard to various kinds of statistical inferences, see [5] or [4].
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If the prior information on parameter θ is in the form of prior distribution π on Θ, linearization by

smoothing of model (1) (see [8]), i.e. the model

y = Aθ + a + ε; θ ∈ Θ ⊆ Rp, (4)

ε ∼ N(0, σ2IN×N ),

where A := Covπ(η, θ)V ar−1
π θ and a = Eπη−AEπθ, can be more appropriate than Taylor linearization.

However, it is obvious that criteria of admissibility of (4) should have the form different from those in

[4]. In particular, it is necessary to find some suitable analogue of (3). One such analogue in the case of

1−dimensional parameter θ will be given in the next part. Now we review some known facts about the

so-called intrinsically linear models, i.e. models (1) with the property Kint(θ) = 0 for all θ ∈ intΘ (see

[7]).

Lemma 1. ([7]) Model (1) je intrinsically linear iff Eη is relatively open set in some k−dimensional

affine subspace in RN , where k ≤ p.

Since in intrinsically linear models some statistical procedures have better properties than in general

model (1), it is a natural question whether the given model (1) can be sufficiently precisely approximated

by an intrinsically linear one.

If a prior π is given on the parameter space Θ, the intrinsically linear approximation of model (1)

with the minimal prior mean squared error is described in the following proposition:

Proposition 1. ([2]) Let Eη is a p−dimensional manifold, let π be regular probability distribution

on Θ. Then the optimal intrinsic linearization of the model (1), i.e. the solution of the problem

C1 := min
A∈RN×p

h(A)=p

a∈RN

β(.):Θ→Rp

Eπ{[η(θ)− (Aβ(θ) + a)][η(θ)− (Aβ(θ) + a)]>}, (4a)

or equivalently

c1 := min
A∈RN×p

h(A)=p

a∈RN

β(.):Θ→Rp

Eπ[‖η(θ)− (Aβ(θ) + a)‖2] (4b)

is

A = (u1, . . . , up), (5)

a = Eπη ,

β(θ) = (A>A)−1A>(η(θ)− a),

C1 = (I − P )V arπη(I − P ),

c1 = trC1 =
N∑

i=p+1

λi,

where u1, . . . , uN are orthonormal eigenvectors, corresponding respectively to eigen-

values λ1 ≥ · · · ≥ λN ≥ 0 of the matrix V arπ(η), P := PU := U(U>U)−1U>, U :=
(
u1 . . . up

)
.

If the model (1) is regular then k = p.
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Optimal intrinsically linear approximation of the model (1) from the proposition 1 is

y = Aβ(θ) + a + ε = A(A>A)−1A>(η(θ)− Eπη) + Eπη + ε,

ε ∼ N(0, σ2I), (6)

where A is the same as in proposition 1.

The following lemma gives another characterization of intrinsically linear models:

Lemma 2. ([3]) Let εη is a p−dimensional manifold. Let π be regular probability distribution on

Θ. The model (1) is intrinsically linear with π− probability 1 iff h(V arπη) ≤ p.

2. 2. Approximation of intrinsic curvature by prior moments

Proposition 1 suggests that minimal square ”distance”

c1 :=
N∑

i=k+1

λi (7)

from linearized model (6) from the original model (1) can be considered as a measure of intrinsic

nonlinearity of the model (1). However, for sequence of priors π contracting to singular distribution

concentrated in θ0, this expression converges to zero, so it cannot be used directly as approximation of

intrinsic curvature Kint(θ0) but only after some suitable standardization. In what follows we derive such

standardization for case p = 1. We shall utilize some known propositions.

In the first one, the approximation of matrix of first derivatives of the regression function η(.), based

on moments of prior π and utilizable for π concentrated in a small neighbourhood of θ0, is given:

Proposition 2. ([8]) Let η(.) be 2−times continuously differentiable. Let {πn;n ∈ N} is a sequence

of regular prior distributions with supports that are subsets of some common compact subset of Θ. Let

for ∀n there exist finite moments Eπn(θ), Eπn(η), V arπn(θ), Covπn(η, θ), V arπn(η), let V arπn(θ) are

regular, let Covπn(η, θ) have the full rank. Let

πn
weakly−→ π0,

where π0 is distribution concentrated in the point θ0. Then

lim
n→∞

Enθ = θ0, lim
n→∞

Enη = η(θ0),

lim
n→∞

Aπn : = lim
n→∞

Covn(η, θ)V ar+
n θ =

∂η(θ0)
∂θ>

. (8)

Similarly, the approximation of the second derivatives of η(.) can be derived:

Proposition 3. ([3]) Let the assumptions of proposition 2 hold. Let η(.) is three times continuously

differentiable on Θ. Let

”∂2η(θ0)” =
(
∂2η1,1(θ0), ∂2η1,2(θ0), . . . , ∂2η1,p(θ0), ∂2η2,2(θ0), ∂2η2,3(θ0), . . . , ∂2η2,p(θ0), . . . , ∂2ηp,p(θ0)

)
is N×(p+

(
p
2

)
) matrix. Let θ�2 =

(
θ2
1, θ1θ2, . . . , θ1θp, θ

2
2, θ2θ3, . . . , θ2θp, . . . , θ

2
p

)>
is (p+

(
p
2

)
)−dimensional

vector, let F2 is a
(
p+1
2

)
×
(
p+1
2

)
diagonal matrix with i1! . . . ip! as its (i1, . . . , ip)−th (in lexicographical

ordering) diagonal element, where iu ≥ 0; u = 1, . . . , p, are integers such that i1 + · · ·+ ip = 2. Then

lim
n→∞

[Covn(η, θ�2)− Covn(η, θ)V ar+
n θCovn(θ, θ�2)][V arnθ�2 − Covn(θ�2, θ)V ar+

n θCovn(θ, θ�2)]+F2 =

=”∂2η(θ0)”.
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If prior π is concentrated in a small neighbourhood of the point θ0, then the expectation surface of

optimal intrinsic linearization is close to the affine tangent space of expectation surface of the original

model in point θ0. It means that the space generated by eigenvectors u1, . . . , uk of the matrix V arπη is

near to the tangent space of expectation surface Eη of the model (1) in the point η(θ0), i.e. the projectors

onto these spaces are close to each other:

Theorem 1. ([3]) Let us consider the function η(.) and a sequence of priors πn with the same

properties as in proposition 2. Let λn
1 ≥ · · · ≥ λn

N be eigenvalues and un
1 , . . . , un

N are corresponding

orthonormal eigenvectors of the matrix V arπnη. Let η(.) be two times continuously differentiable on

Θ0. Let ∀ limit point of the sequence { V arπnθ
‖V arπnθ‖}

∞
n=1 be a regular matrix. Then

lim
n→∞

P
(u

(n)
1 ,...,u

(n)
k )

= P := P ∂η(θ0)

∂θ>
, (9)

lim
n→∞

P
(u

(n)
k+1,...,u

(n)
N )

= I − P.

Corollary 1. Let the assumptions of theorem 1 hold. Then the sets of limits of all convergent

susequences of sequences

V arπnη

‖V arπnθ‖
and ∂η

V arπnθ

‖V arπnθ‖
∂η> (14)

are identical.

Let q := dim([{(I − P )∂2η(θ0)
∂θj∂θi

; i, j = 1, . . . , p}]).

Theorem 2. Let the assumptions of theorem 1 hold, let p = 1. Moreover, let the following assertions

about limits hold:

lim sup
n→∞

V arπn [(θ − θ0)2]
‖V arπnθ‖2

is finite and positive,

lim sup
n→∞

Eπn [(θ − θ0)2]
‖V arπnθ‖

< ∞,

lim sup
n→∞

V arπnθ2 − Covπn(θ2, θ)V ar−1
πn

θCovπn(θ, θ2)
‖V arπnθ‖2

is finite

and

lim sup
n→∞

Eπn [∂3η(θ∗)(θ − θ0)3(θ − Eπnθ)]
‖V arπnθ‖2

is finite.

Then

lim
n→∞

P
(u

(n)
k+1,...,u

(n)
k+q)

= P(I−P )∂2η(θ0), (15)

where

(I − P )∂2η(θ0) := (I − P )
(

∂2η(θ0)
∂θ1∂θ1

∂2η(θ0)
∂θ2∂θ1

. . . ∂2η(θ0)
∂θp∂θp

)
.
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Proof.

(I − P )V arπη(I − P ) = (I − P )Eπ[(η(θ)− Eπη)(η(θ)− Eπη)>](I − P ) =

=(I − P )Eπ[(η(θ0)− Eπη + ∂η(θ0)(θ − θ0) +
1
2
∂2η(θ0)(θ − θ0)2+

+
1
6
∂3η(θ∗)(θ − θ0)3)(η(θ)− Eπη)>](I − P ) =

=(I − P ){∂η(θ0)Covπ(θ, η) +
1
2
∂2η(θ0)Eπ[(θ − θ0)2(η(θ)− Eπη)>]+

+
1
6
Eπ[∂3η(θ∗)(θ − θ0)3)(η(θ)− Eπη)>]}(I − P ) =

=(I − P ){1
2
∂2η(θ0)Eπ[(θ − θ0)2(η(θ)− Eπη)>] +

1
6
Eπ[∂3η(θ∗)(θ − θ0)3)(η(θ)− Eπη)>]}(I − P ).

(16.0)

Since it holds that

Eπ[(θ − θ0)2(η(θ)− Eπη)>] = Covπ(θ2, η)− 2θ0Covπ(θ, η) = (16)

= Covπ(θ2, η)− Covπ(θ2, θ)V ar−1
π θCovπ(θ, η)+

+ [Covπ(θ2, θ)V ar−1
π θ − 2θ0]Covπ(θ, η),

Covπ(η, θ) = ∂η(θ0)V arπθ +
1
2
∂2η(θ0)Covπ(θ2, θ)− 1

2
∂2η(θ0)2θ0V arπθ+

+
1
6
Eπ[∂3η(θ∗)(θ − θ0)3(θ − Eπθ)], (17)

and

V arπ[(θ − θ0)2] =V arπ(θ2)− Covπ(θ2, θ)V ar−1
π θCovπ(θ, θ2)+ (18)

+[Covπ(θ2, θ)V ar−1
π θ − 2θ0]V arπθ[V ar−1

π θCovπ(θ, θ2)− 2θ0],

it also holds that

Eπ[(θ − θ0)2(η(θ)− Eπη)>] =

={[V arπ(θ2)− Covπ(θ2, θ)V ar−1
π θCovπ(θ, θ2)]

1
2
∂2η>(θ0)+

+
1
2
[V arπ(θ2)− Covπ(θ2, θ)V ar−1

π θCovπ(θ, θ2)][2[V arπ(θ2)− Covπ(θ2, θ)V ar−1
π θCovπ(θ, θ2)]−1.

.[Covπ(θ2, η)− Covπ(θ2, θ)V ar−1
π θCovπ(θ, η)]− ∂2η>(θ0)]+

+[Covπ(θ2, θ)V ar−1
π θ − 2θ0]{[Covπ(θ, θ2)− V arπθ2θ0]

1
2
∂2η>(θ0) + V arπθ∂η>(θ0)+

+
1
6
Eπ[∂3η(θ∗)(θ − θ0)3(θ − Eπθ)]} =

=[Covπ(θ2, θ)V ar−1
π θ − 2θ0]V arπθ∂η>(θ0) + V arπ[(θ − θ0)2]

1
2
∂2η>(θ0)+

+
1
2
[V arπ(θ2)− Covπ(θ2, θ)V ar−1

π θCovπ(θ, θ2)][2[V arπ(θ2)− Covπ(θ2, θ)V ar−1
π θCovπ(θ, θ2)]−1.

.[Covπ(θ2, η)− Covπ(θ2, θ)V ar−1
π θCovπ(θ, η)]− ∂2η>(θ0)]+

+[Covπ(θ2, θ)V ar−1
π θ − 2θ0]

1
6
Eπ[∂3η(θ∗)(θ − θ0)3(θ − Eπθ)].
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Further, proposition 3 implies that

lim
n→∞

Covπn(θ2, θ)V ar−1
πn

θ = 2θ0. (19)

Then we get

(I − P )
1
2
∂2η(θ0)Eπ[(θ − θ0)2(η(θ)− Eπη)>](I − P ) =

=(I − P )
1
2
∂2η(θ0){[Covπ(θ2, η)− Covπ(θ2, θ)V ar−1

π Covπ(θ, η)]+

+[Covπ(θ2, θ)V ar−1
π θ − 2θ0]Covπ(θ, η)}(I − P ) =

=(I − P ){1
4
∂2η(θ0)[V arπ(θ2)− Covπ(θ2, θ)V ar−1

π Covπ(θ, θ2)]∂2η>(θ0)+

+
1
2

1
2
∂2η(θ0)[V arπ(θ2)− Covπ(θ2, θ)V ar−1

π θCovπ(θ, θ2)].

.[2[V arπ(θ2)− Covπ(θ2, θ)V ar−1
π θCovπ(θ, θ2)]−1.

.[Covπ(θ2, η)− Covπ(θ2, θ)V ar−1
π θCovπ(θ, η)]− ∂2η>(θ0)]+

+
1
2
∂2η(θ0)[Covπ(θ2, θ)V ar−1

π θ − 2θ0]Covπ(θ, η)}(I − P ) =

= (I − P ){1
4
∂2η(θ0)[V arπ(θ2)− Covπ(θ2, θ)V ar−1

π Covπ(θ, θ2)]∂2η>(θ0)+

+
1
2

1
2
∂2η(θ0)[V arπ(θ2)− Covπ(θ2, θ)V ar−1

π θCovπ(θ, θ2)].

.[2[V arπ(θ2)− Covπ(θ2, θ)V ar−1
π θCovπ(θ, θ2)]−1.

.[Covπ(θ2, η)− Covπ(θ2, θ)V ar−1
π θCovπ(θ, η)]− ∂2η>(θ0)]+

+
1
2
∂2η(θ0)[Covπ(θ2, θ)V ar−1

π θ − 2θ0]{[Covπ(θ, θ2)− V arπθ2.θ0]
1
2
∂2η>(θ0)+

+V arπθ.∂η>(θ0) +
1
6
Eπ[∂3η(θ∗)(θ − θ0)3(θ − Eπθ)]}}(I − P ) =

=(I − P )
1
4
∂2η(θ0)V arπ[(θ − θ0)2]∂2η(θ0)(I − P )+

+(I − P )
1
2

1
2
∂2η(θ0)[V arπ(θ2)− Covπ(θ2, θ)V ar−1

π θCovπ(θ, θ2)].

.[2[V arπ(θ2)− Covπ(θ2, θ)V ar−1
π θCovπ(θ, θ2)]−1.

.[Covπ(θ2, η)− Covπ(θ2, θ)V ar−1
π θCovπ(θ, η)]− ∂2η>(θ0)](I − P )+

+
1
2
∂2η(θ0)[Covπ(θ2, θ)V ar−1

π θ − 2θ0]
1
6
Eπ[∂3η(θ∗)(θ − θ0)3(θ − Eπθ)](I − P ).

Then

lim
n→∞

(I − P )
V arπnη

‖V arπnθ‖2
(I − P ) =

=
1
4
(I − P )∂2η(θ0) lim

n→∞

V arπn [(θ − θ0)2]
‖V arπnθ‖2

∂2η>(θ0)(I − P )+

+ (I − P )
1
2

1
2
∂2η(θ0) lim

n→∞

V arπn(θ2)− Covπn(θ2, θ)V ar−1
πn

θCovπn(θ, θ2)]
‖V arπnθ‖2

.

.{2[V arπn(θ2)− Covπn(θ2, θ)V ar−1
πn

θCovπn(θ, θ2)]−1.

.[Covπn(θ2, η)− Covπn(θ2, θ)V ar−1
πn

θCovπn(θ, η)]−
− ∂2η>(θ0)}(I − P )+
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+ (I − P )
1
2
∂2η(θ0) lim

n→∞
[Covπn(θ2, θ)V ar−1

πn
θ − 2θ0]

1
6

Eπn [∂3η(θ∗)(θ − θ0)3(θ − Eπnθ)]
‖V arπnθ‖2

(I − P )+

+ (I − P )
1
6

lim
n→∞

Eπn [∂3η(θ∗)(θ − θ0)(θ − θ0)2(η(θ)− Eπnη)>](I − P )
‖V arπnθ‖2

=

=
1
4
(I − P )∂2η(θ0) lim

n→∞

V arπn [(θ − θ0)2]
‖V arπnθ‖2

∂2η>(θ0)(I − P ).

The rest of the proof is then the same as the proof for the previous theorem. �

Corollary 2.

lim
n→∞

(I − Pn)
V arπnη

‖V arπnθ‖2
(I − Pn) = lim

n→∞

1
4
(I − Pn)∂2η

V arπn((θ − θ0)2)
‖V arπnθ‖2

∂2η>(I − Pn). (20)

By means of V arπη we can approximate also the curvature Kint(θ0) of one dimensional models:

Let us denote

κn =
V arπn((θ − θ0)2)

‖V arnθ‖2
.

For example, if πα is uniform distribution on interval (θ0 − α, θ0 + α), then

lim
α→0+

κα = lim
α→0+

4α4

45
α4

9

=
4
5
.

Theorem 3. Let the assumptions of theorem 2 hold. If p = 1 then

lim
n→∞

√
4
κn

√
λ

(n)
2

λ
(n)
1

= Kint(θ0). (21)

Proof. Theorem 1 implies that in case k = 1 it holds that

lim
n→∞

un
1 = ± ∂η(θ0)

‖∂η(θ0)‖
.

This condition also implies that q = 0 or q = 1. If q = 0, then the model is intrinsically linear and then

according to proposition 1 and lemma 2 λn
2 = 0, so

lim
n→∞

√
λn

2

λn
1

= 0 = Kint(θ0).

If k = 1 and q = 1 then according to theorem 2

ν(limn→∞ un
1 )

‖ν(limn→∞ un
1 )‖

= lim
n→∞

±un
2 ,

where ν(u) is a vector of curvature of Eη in the direction of tangential vector u. Then utilizing corollaries
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1 and 2

lim
n→∞

√
4
κn

√
λn

2

λn
1

= lim
n→∞

√
4
κn

√
un>

2 V arπnηun
2

un>
1 V arπnηun

1

= lim
n→∞

√
4
κn

√
un>

2
V arπnη

‖V arπnθ‖2 un
2

un>
1

V arπnη
‖V arπnθ‖u

n
1

=

= lim
n→∞

√
4
κn

√
v(un>

1 )>

‖v(un>
1 )‖

V arπnη
‖V arπnθ‖2

v(un
1 )

‖v(un
1 )‖

un>
1

V arπnη
‖V arπnθ‖u

n
1

= lim
n→∞

√
4
κn

√
∂2η>(θ0)(I−P )

V arπnη

‖V arπnθ‖2
(I−P )∂2η(θ0)

‖(I−P )∂2η(θ0)‖2

un>
1 ∂η(θ0) V arπnθ

‖V arπnθ‖∂η>(θ0)un
1

=

= lim
n→∞

√
4
κn

√
1
4
∂2η>(θ0)(I−P )∂2η(θ0)

V arπn ((θ−θ0)2)

‖V arπnθ‖2
∂2η>(θ0)(I−P )∂2η(θ0)

‖(I−P )∂2η(θ0)‖2

∂η>(θ0)
‖∂η(θ0)‖∂η(θ0).1.∂η>(θ0) ∂η(θ0)

‖∂η(θ0)‖

=

=
‖(I − P )∂2η(θ0)‖

‖∂η(θ0)‖2
= Kint(θ0).

�

Moreover, from the proof it can be seen that for p = 1

lim
n→∞

λn
1

‖V arπnθ‖
= ‖∂η(θ0)‖2

and

lim
n→∞

√
4λn

2

V arπn [(θ − θ0)2]
= ‖(I − P )∂2η(θ0)‖.

Approximation (21) equals to the intrinsic curvature Kint(θ0) in the limit for prior distribution

π concentrated in θ0. A differently defined intrinsic curvature K̃int(θ0) of the model (1) with prior

distribution π is in [P, 92] and [P, 93]. K̃int(θ0) involves derivatives and equals to Kint(θ0) for prior π

uniform on Θ.

3. Examples

Theorem 3 will be further illustrated on examples with different dimensions p, q and N :

Example 1 ellipse (N = 2, p = 1, q = 1)

η(θ) =

(
a cos θ

b sin θ

)
,

where a 6= 0 6= b are known, π is uniform on Θα :=< θ0 − α, θ0 + α >, θ0 = π
2 , α ∈ (0, π

2 ). Then

eigenvalues of the matrix V arπη are

λ1 = λ1(α) = a2(
1
2
− 1

2
sinα

α
cos α)

λ2 = λ2(α) = b2(
1
2

+
1
2

sinα

α
cos α− sin2 α

α2
).

It holds:

lim
α→0

λ1(α)
V arπαθ

= lim
α→0

λ1(α)
α2

3

= a2.1,

lim
α→0

λ2(α)
(V arπαθ)2

= lim
α→0

λ2(α)
α4

9

= b2.
1
5
.
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λ1 is „greater” than λ2 in the sense that for ∀a, b > 0;∃ε > 0;∀α ∈ (0, ε);λ1(α) > λ2(α). Then

lim
α→0

√
5
√

λk+1(α)
λk(α)

= lim
α→0

√
5
√

λ2(α)
λ1(α)

=
√

5b

a2
lim
α→0

√
1
2 + 1

2
sin α

α cos α− sin2 α
α2

1
2 −

1
2

sin α
α cos α

=

=
√

5b

a2
lim
α→0

√
1
2
+ 1

2
sin α

α
cos α− sin2 α

α2

α4

9

1
2
− 1

2
sin α

α
cos α

α2

3

=
b

a2
= Kint(θ0).

Example 2 helix wound around the cylinder, with ellipse from example 1 as the base; parameter c

determines the density of windings (the greater c, the smaller density) (N = 3, p = 1, q = 1)

η(θ) =

a cos θ

b sin θ

cθ

 ,

where c 6= 0 is known and other assumptions are as in example 1. Then

λ1 =
a2(1

2 −
1
2

sin α
α cos α) + c2 α2

3 +
√

(a2(1
2 −

1
2

sin α
α cos α)− c2 α2

3 )2 + 4a2c2(cos α− sin α
α )2

2

λ2 = b2(
1
2

+
1
2

sin α

α
cos α− sin2 α

α2
)

λ3 =
a2(1

2 −
1
2

sin α
α cos α) + c2 α2

3 −
√

(a2(1
2 −

1
2

sin α
α cos α)− c2 α2

3 )2 + 4a2c2(cos α− sin α
α )2

2
.

It holds:

lim
α→0

λ1(α)
V arπαθ

= lim
α→0

λ1(α)
α2

3

= a2 + c2,

lim
α→0

λ2(α)
(V arπαθ)2

= lim
α→0

λ2(α)
α4

9

= b2.
1
5

lim
α→0

λ3(α)
(V arπαθ)3

= lim
α→0

λ3(α)
α6

27

=
3

25.7
a2c2

a2 + c2
.

Again

, , λ1 > λ2 > λ3”

in the sense defined in example 1.

lim
α→0

√
5
√

λk+1(α)
λk

= lim
α→0

√
5
√

λ2(α)
λ1

=
b

a2 + c2
= Kint(θ0).
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