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Abstract. Differentiation or integration with fractional order (differintegration) is favourable 
mainly in the form of the semiintegral or semiderivative of the original measured signal. It is 
used for substantial improvement of the signal shape and, consequently, the way how the 
measurement is evaluated. In the case of semidifferentiation also a better signal resolution is 
observed. A new, effective GS numerical algorithm of differintegration is here presented. 
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1. Introduction 

In chemistry, the differentiation and integration of instrumental signals is frequently used to 
improve data analysis and perform data manipulation. After a proper signal transformation 
more useful information can be extracted, which has been approved by many examples in 
analytical chemistry and related sciences [1]. For instance, chromatographic or spectroscopic 
signals are differentiated and then the individual signals can be detected and finally resolved.  

The first derivative of a symmetrical signal is frequently used as an aid in finding the exact 
peak location. Development of signal differentiation in spectroscopy several decades ago led 
to the technique of derivative spectroscopy. There are several applications of the signal 
differentiation also in electrochemistry where it improves e.g. indicating the end-point 
detection of titration curves.  

Integration is also an essential part of several techniques of instrumental analysis. It is used 
for quantitative analysis, e.g. in chromatography, flow injection analysis, and stripping 
analysis, where the peak areas are calculated. Alternatively, it is used for a convenient signal 
transformation, as takes place in controlled-potential coulometry or chronocoulometry, where 
the primarily measured currents are integrated to obtain the corresponding charge. 

Entirely new perspectives have been outlined in instrumental analysis after the first 
application of the signal semidifferentiation and semiintegration, which are the most 
important orders used in fractional differintegration [2]. Since fractional differentiation and 
integration may be more widely employed in science and technology, this paper will 
demonstrate their background, way of calculation and applications. 

 
2. Subject and Methods 

Fractional differintegration, invented by Leibnitz [3], is a common designation both for 
differentiation and integration. Its positive sign is valid for any differentiation and the 
negative sign is appropriate for integration. The order q of differintegration can be both, 
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integer and fractional. Then, e.g. for q = −1, the expression  d−1f(x)/dx−1 is just another form of 
writing the symbol of the definite integral having zero as the lower and x as the upper limits. 
It is important to note that the integration limits must be considered in all kinds of 
differintegration except the cases of differentiation with integer orders where the limits are 
senseless. The literature on this topic [2,4] provides many examples of analytical as well as 
numerical ways of differintegration, mainly the calculation of semiintegral  d−1/2f(x)/dx−1/2, 
denoted usually m(f(x)) and semiderivative d 

1/2f(x)/dx1/2, denoted usually e(f(x)) .  

The experimental signals which are to be differintegrated often cannot be described by some 
analytic mathematical function so that the ways of analytical differintegration, based mainly 
on Grünwald or Riemann-Liouville definitions [2,4], cannot be implemented.  Therefore two 
other ways, more or less general, have to be used, which will be designated here as the 
hardware and the software approaches.   

The hardware approach is based on the utilization of a special analog instrumentation, i.e. the 
RC circuits for differentiation and the RC ladder circuit network for semidifferentiation and 
semiintegration [5]. Such circuits have already been successfuly applied in different cases [4]. 
However, a necessary condition for their correct utilization depends on adjusting their 
construction to a proper time window, which renders this approach less flexible. Another 
drawback of the hardware approach is about 5 % relative error and its limitation to the integer 
or half-integer differintegration orders.  

 
3. Results 

We have used  the numerical way of fractional differintegration, which can be considered as 
the most useful and versatile. There are known several numerical algorithms, described 
mostly in the book [2] and reviewed in the paper [4]. With respect to the independent 
variable, they use equidistant points in the interval between the lower limit (zero) and the 
upper limit of differintegration and the dependent variable values (i.e. the signals), 
corresponding to these points, are summed in the way pertinent to the given algorithm. Some 
algorithms, like G1 and G2, where G denotes that they are based on the Grünwald definition, 
are universally applicable for any differintegration order q. Others, like those based on the 
Riemann-Liouville definition, are applicable only for the selected q values interval. We have 
compared the computational accuracy of the differintegration algorithms and ranked their 
effectiveness [4]. However, the achieved results as well as the optimal choice of the order q 
depend significantly on the type of the differintegrated function (i.e. the measured 
dependence).  

The G1 algorithm does not require the value of the function at the lower limit (usually zero), 
which is an important advantage in cases where the signal at x=0 goes to infinity. The 
disadvantage of the G1 and several other algorithms is that the total number of operations 
grows more then linearly with the number of data points so that the calculation time increases 
remarkably with the length of the data set.  

Our recent studies have led to the discovery of a new, more efficient GS algorithm (Grünwald 
definition with Sampling), optimised with respect to the computational error both in fractional 
differentiation and integration. The details are described in the following subchapter. 
 
New GS Algorithm of Numerical Differintegration 

Our new GS algorithm is adapted from the G1 algorithm. Unlike in G1, the points where the 
signal y is sampled do not coincide in the GS algorithm with the points, at which the 
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differintegrated dqy/dtq values are calculated but are shifted. The shift equals to hq/2 and 
depends on the differintegration order q and the sampling step (sampling period) h. The 
sampling step is related to the value x of the independent variable t (time, potential, etc.), at 
which differintegration is calculated, as well as the chosen number of points (subintervals) N, 
h=x/N. Thus, when applying semidifferentiation (q = +0.5), the shift is 0.25h, so that e.g. for 
h=1 the sampling points are 1.25, 2.25, 3.25, ..., x+0.25  instead being 1, 2, 3, ... , x.  The 
recurrent GS formula is given by equation 
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where 

 y dependent variable 

 t independent variable (e.g. t - time) 

 x the value of the independent variable where dqy/dtq  is calculated 

 q order of differintegration 

 h      sampling period 

 N number of subintervals 

When performing any kind of integration, the order q is negative so that the sampling shift 
has the opposite direction along the t- axis compared to that for differentiation. 

4. Discussion and conclusions 

Signal resolution in electrochemical analytical techniques is generally not very high. 
Voltammetric methods allow a simultaneous determination of only few electroactive species 
during a single scan and the resolution power of a particular voltammetric experiment 
depends on the given current-potential curves pertinent to the electrolyzed species. A 
disadvantage is the asymmetrical shape of linear scan voltammetric (LSV) curves, which 
diminishes resolution of this technique [6]. To improve resolution the semidifferentiation of 
the LSV data was recommended [7]. Such a modification of the LSV method is 
semiderivative linear scan voltammetry (SDLSV). Coupled with an appropriate data 
processing procedure (e.g. digital filtering of the LSV data by the Moving Average 7-point 
filter [6]), it has been successfully applied to resolve overlapping LSV signals  [6,7].  The  
application  of our  new, more precise 
 

 

Fig. 1. Comparison of the asymmetric dependence 
I/Ip vs. [(E−E1/2)/(RT/F)] obtained by linear scan 
voltammetry (upper curve) with its semidifferentiated 
symmetric form (lower curve). Symbols I and Ip refer 
to instantenous and maximum currents, resp., E and 
E1/2 refer to the working electrode and half-wave 
potentials, resp.; normalized dimensionless potential is 
represented by [(E−E1/2)/(RT/F)], R – gas constant, T 
– absolute temperature, F – Faraday constant, e – 
semiderivative operator, e(f(x)) = d1/2(f(x))/dt1/2. 
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GS  algorithm  allows  to  achieve  a  rapid  and  quantitative  signal  resolution  -  practically 
at the time when the experiment ends. Fig. 1 demonstrates the shape change after performing 
the numerical semidifferentiation of the LSV signal. The semidifferentiated signal is narrower 
so that the resolution of two or more signals is better compared to the original LSV record. 
 

Further signal transformations are shown in Fig. 2, where the original chronocoulometric 
signal Q = kCC t1/2 is semiintegrated and semidifferentiated;  kCC  is given by equation 
 
 kCC = 2zFAD1/2c/π1/2  (2) 

where 
 z number of exchanged electrons 

 A electrode surface area 

 D diffusion coefficient 

 c concentration of electroactive species  

Both transformed (differintegrated) signals provide much better possibility for determining 
the concentration c than the original signal, which depends on time non-linearly. 

   

 
Fig. 2. Comparison of the chronocoulometric Q - t dependence (left) with the corresponding semiintegrated 
(middle) and semidifferentiated (right) dependences. Symbols m and e denote the semiintegral and the 
semiderivative operators, respectively. The analytically calculated semiintegral m(Q) = kCC π1/2 t/2 and the 
analytically calculated semiderivative e(Q) = kCC π1/2/2 [4]; kCC = 1 are considered.    

 
Acknowledgements  

This work was supported by the grant APVV-0057-06 and the VEGA grants 1/3584/06 and 
1/3182/06.  

References 

[1] Jun-Sheng Y., Zu-Xun Zhang: Differentiation, semidifferentiation and semiintegration of a digital signals 
based on Fourier transformations. J. Electroanal. Chem., 1996, 403: 1-9. 

[2]  Oldham K.B., Spanier J.: The Fractional Calculus. Academic Press, New York, 1974. 
[3]  Leibnitzen Mathematische Schriften. Vol. 2. Olms Verlag, Hildesheim, 1962, p. 301.  
[4] Bustin D., Mocák J., Garaj J.: The utilization of fractional differentiation and integration in electrochemistry 

(in Slovak). Chem. Listy, 1987, 81: 1009-1033.  
[5] Dzurov J., Bustin D., Mocák J., Rievaj M.: Adaptor for analog semidifferentiation and semiintegration (in 

Slovak). Chem. Listy, 1987, 81: 1001-1004. 
[6] Bobrowski A., Kasprzyk G., Mocak J.: Theoretical and Experimental Resolution of Semi-derivative Linear 

Scan Voltammetry. Collect. Czech. Chem. Commun., 2000, 65: 979-994. 
[7] Toman J.J., Brown S.D.: Peak Resolution by Semiderivative Voltammetry. Anal. Chem., 1981, 53: 1497-

1504. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


