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In this paper, a computationally efficient and high precision parameter estimation algorithm with frequency-time combination is proposed 
to improve the estimation performance for sinusoidal signal in noise, which takes the advantages of frequency- and time-domain algorithms. 
The noise influence is suppressed through spectrum analysis to get coarse frequency, and the fine frequency is obtained by de-noising 
filtering and using linear prediction property. Then, estimation values of the amplitude and initial phase are obtained. The numerical results 
indicate that the proposed algorithm makes up for the shortcomings of frequency- and time-domain algorithms and improves the anti-
interference performance and parameter estimation accuracy for sinusoidal signal. 
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1.  INTRODUCTION 

Accurate parameter estimation for real-value sinusoidal 
signal in additive white Gaussian noise is a fundamental 
problem in a wide range of fields, and the studies of parameter 
estimation algorithms have an important theoretical 
significance and application value [1], [2]. The samples of a 
single-tone sinusoidal signal can be described as:  

 
0,1, , 1n n nx s z n N                        (1) 

 
where  cosns A n   , 0A  ,  0,  ,  ,    are 

unknown but deterministic constants that represent the 
amplitude, frequency, and initial phase of the sampled signal, 
respectively. The subscript n  denotes index number, and N

is the signal length. nz  is zero-mean, additive white Gaussian 

noise with variance 2 . The signal to noise ratio (SNR) is 
defined as   2 210 lg 2SNR A  , and the unit of SNR is dB. 

The frequency   is the most crucial parameter of the 
sampled signal. As long as the frequency is estimated, the 
estimation of amplitude and initial phase can be obtained 
subsequently. Therefore, the frequency estimation algorithms 
are mainly introduced in this paper [3].  

In the last decades, many frequency estimation algorithms 
for sinusoidal signal in noise have been proposed, which can 
be classified into two main categories: the frequency- and 
time-domain algorithms [4]. 

The frequency-domain algorithms are mainly based on the 
Discrete Fourier Transform (DFT)  [5].  It is well known that 

the real-value sinusoidal signal has positive- and negative- 
frequency components, which superpose and interact with 
each other. Therefore, the results of frequency-domain 
algorithms are vulnerable to the spectrum leakage caused by 
the negative-frequency component. In some researches, 
windowing approach is adopted to reduce the influence of 
spectrum leakage [6], which improves the frequency 
estimation accuracy, but there is an obvious estimation bias 
in windowing algorithms. Reference [7] proposed a new 
frequency estimation algorithm, which can improve the 
estimation performance by filtering out the negative-
frequency component. However, when the signal frequency 
is close to 0 or SNR is in a medium or high state, the 
estimation accuracy will decrease. Reference [8] estimated 
signal frequency by incorporating an iterative leakage 
subtraction strategy, which enhances estimation performance 
at high SNR, and the algorithm called Ye that has the best 
estimation performance in frequency-domain algorithms. 
Nevertheless, when the signal frequency is low, the 
estimation accuracy decreases with the increase of SNR. 

The time-domain algorithms can be classified as linear 
prediction algorithms [9], autocorrelation algorithms [10], 
and other algorithms with more computational complexity, 
such as MUSIC and ESPRIT algorithms [11]. The linear 
prediction property of the sinusoids is usually used to 
estimate signal frequency, which is a common frequency 
estimation algorithm, but it is easily affected by noise [12]. 
Reference [13] presented an autocorrelation estimation 
algorithm to estimate frequency by calculating the 
autocorrelation  function  of the  sampled  signal.  Due  to the 
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influence of non-integer period sampling, the estimation 
accuracy is characterized by periodic deterioration. In order 
to overcome this drawback, the autocorrelation function is 
redefined in [14], where the algorithm is called PCA, which 
has the best frequency estimation accuracy in time-domain 
algorithms. However, the PCA has a high computation 
complexity, which reduces the real-time performance. 

To sum up, the frequency-domain algorithms have the 
advantages of better anti-interference properties and real-time 
performance. However, the estimation accuracy decreases 
obviously because of the spectrum leakage influence under 
the condition of high SNRs or low frequencies. The time-
domain algorithms are easily affected by noise and non-
integer period sampling, but the estimation accuracy is better 
at high SNRs. In order to enhance the universality and 
improve the estimation performance for sinusoidal signal in 
noise, a novel parameter estimation algorithm is proposed in 
this paper, which combines the advantages of frequency- and 
time-domain algorithms and overcomes their shortcomings. 

The rest of the paper is organized as follows: In Sec. 2, we 
give the detailed estimation procedure. In Sec. 3, we analyze 
the computational complexity of the proposed algorithm and 
compare it with other excellent algorithms. In Sec. 4, the 
estimation performance of the proposed algorithm is verified 
by numerical simulations. Finally, the full text is summarized 
in Sec. 5. 
 
2.  NEW ESTIMATION ALGORITHM 

The proposed estimator is realized in two steps: coarse 
estimation and fine estimation. In the first stage, to suppress 
the noise influence, the sampled signal is processed by 
spectrum analysis, and the coarse frequency is pre-estimated. 
In the second stage, the noise is further mitigated through a 
de-noising filter, and the fine frequency is estimated by linear 
prediction property. Then, the estimation values of amplitude 
and initial phase are obtained. It is worth noting that the fine 
estimation procedure of frequency was proposed in [15], 
which was called STMB and was designed for damped 
sinusoidal signal with single-tone in noise. When STMB is 
directly used to process the signal in this paper, the parameter 
accuracy is poor under low SNR condition. The parameter 
accuracy can be improved by adding iterations, but the 
computation complexity will increase significantly. The 
proposed algorithm uses the idea of STMB to improve the 
parameter estimation accuracy, and the results compared with 
STMB will be discussed in the next section. 

 
A.  Coarse estimation 

To improve the calculation resolution, we append N zero 

points after the sampled signal nx , and the zero-padding 

signal is 2 0 1, 1[ , , ,0,0, ,0]N Nx x x x  L L . Then, the 2Nx is 

processed by 2N-point fast Fourier transform (FFT), and the 

index number 0k is obtained. 
 

 0 2( ) 1,2, , 1NY k DFT x k N  L                  (2) 
 

2

0 0arg max ( )k Y k                                (3) 

where argmax(  ) denotes the argument of the maximum 

value of function . 

Then, the coarse frequency 0̂ is calculated by: 
 

0 0
ˆ k

N

                                       (4) 

 

Where ̂ is the estimation value of  . 
After adding zero signal to sampled signal, the coarse 

frequency estimation becomes more accurate. However, the 
computation cost increases. To solve this drawback, a fast 

procedure to get 0k is designed. Firstly, the sampled signal is 

processed by N-point FFT directly, and the index number is 

assumed as 1k . 
 

 1( ) 1,2, , 2 1nY k DFT x k N  L                    (5) 

 
2

1 1arg max ( )k Y k                                  (6) 
 

There is no doubt that 0k equals one of  12 0.5k  , 12k and

 12 0.5k  .  

Then, the index number 2k of the highest magnitude of 

three points spectrum,  2 1 0.5Y k  ,  2 1Y k , and  2 1 0.5Y k  , can be 

obtained. 

Finally, the 0k is computed by 0 22k k . 

In addition, the computational complexity of two 
procedures will be analyzed in the next section. 

 
B.  Fine estimation 

According to the linear prediction property of sinusoidal 

signal, the noiseless signal ns can be expressed as: 
 

  1 22cosn n ns s s                               (7) 

 
and the prediction coefficient a  is: 
 

 2cosa                                     (8) 

 
When the coarse estimation value of frequency is acquired, 

the initial value of a is obtained. 
To decrease the noise influence, a de-noising filter is 

designed in [15], and the transfer function is: 
 

  1 2

1

1
H z

az z 
 

                               (9) 

 
According to the z transform on both sides of (7), 
 

   1 21 0az z S z                                (10) 

 

where  
1

0 1
1 21

b b z
S z

az z



 




 
, 0 cosb A  ,  1 cosb A    . 
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The sampled signal nx can be expressed as: 

 

2 1 0 1 1n n n n n nx x ax b b z                          (11) 

 

where n denotes the unit impulse signal. 

Computing N samples of the filter’s impulse response 

 n nu H  and de-noising the sampled signal  n nv H x , the 

filtered signals nv  and nu  fulfill the relationship: 

 

2 1 0 1 1n n n n n nv v av b u bu z                          (12) 

 

For an N-point sampled signal, the prediction matrix can be 
constructed by linear prediction property. 

 

0 0 0

1 0 1 0 1
0

1
1 3 2 1 2 1

0 0 0

0

N N N N N N

v u z
a

v v u u z
b

b
v v v u u z     

     
                    
            

M M M M M
      (13) 

 

After filtering, the noise values become small, i.e. nz 0 . 

Then, the prediction coefficients can be calculated by the least 
squares method, and the fine frequency is obtained according 
to (8). 

 

 1ˆ cos 2a                                  (14) 

 
According to the estimation value of frequency, the 

complex amplitude can be calculated by an iterative 
procedure to suppress the spectrum leakage influence.  

 

 
1

ˆ ˆ

0

1 N
i n i n

n
n

c x c e e
N

 


  



                        (15) 

 

where 
2

iA
c e ,

2
iA

c e   , and the initial value of c is 0. 

Thus, the estimation values of amplitude and initial phase 
are obtained. 

ˆ

ˆ 2

c

A c

  



                                     (16) 

 
where  anddenote the modulus and angle of complex  , 

respectively. 
The detailed procedure of the proposed algorithm can be 

summarized as follows: 
1. The coarse frequency is calculated by (4), to obtain the 

initial prediction coefficient. 
2. The precision prediction coefficient is calculated by (13). 
3. The fine frequency is estimated by (14), and the fine 

initial phase and amplitude are obtained subsequently by (15) 
and (16). 

3.  COMPUTATION COMPLEXITY ANALYSIS 

In this section, the computational complexity of frequency 
estimation is analyzed, and the comparison results with other 
excellent algorithms are presented in Table 1. and Fig.1. 

In the analysis, we neglect the operations where the 
complexity is Ο(1). Firstly, we analyze the computation cost 
of 2N-point FFT procedure and N-point FFT procedure for 

finding index number 0k . For 2N-point FFT, the addition is
2
26 log NN and multiplication is 2

24 log NN . Whereas, for N-point 

FFT procedure, the addition is 23 log 4NN N and the 

multiplication is 22 log 6NN N . Hence, the N-point FFT 

procedure reduces the computational cost significantly. The 
PCA needs more additions and multiplications than other 
algorithms, because autocorrelation functions are calculated 
several times in the frequency coarse estimation stage. In 
addition, the PCA needs to construct the reference signal, 
which will calculate 2N sine/cosine functions. The Ye and 
STMB belong to iterative algorithms, and the iteration times 
of Ye and STMB are fixed to 3 and 2 for convergence 
according to the references, respectively. The Ye uses the 
FFT algorithm and calculates some iterative interpolation 
procedures, so the additions and multiplications are smaller 
than those of the PCA. However, the Ye needs to calculate 
complex-value exponential that requires two sine/cosine 
calculations for one operation, which increases the 
complexity. Because STMB needs to calculate the prediction 
matrix, the additions and multiplications are slightly higher 
than those of Ye, and are also smaller than those of PCA. 
Although the proposed algorithm uses the idea of STMB, our 
approach does not need iterative calculation. The 
computational cost of the new algorithm is slightly bigger 
than that of Ye, but is smaller than those of PCA and STMB. 
Therefore, the proposed algorithm is computationally 
efficient. 

 

 
 

Fig.1.  Comparisons of the computational complexity. a) and b) 
show the comparisons of additions and multiplications 
computations, respectively. 
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Table 1.  Comparison of the computation complexity. 
 

algorithm additions multiplications Sine/cos 

PCA[15] 
2
23 2 log

2 3

M N

M N

   
 

 
1 2

2

1

2 [log ]

2 41 3

M N

M N



 
 N 

Ye[7] 23 log 18NN N  22 log 27NN N  18N 

STMB 63N   66N   6 

Proposed 23 log 25NN N  22 log 28NN N  4N 

where 2
2[log ] 1NM  . 

 
4.  NUMERICAL RESULTS 

To verify the estimation performance of the proposed 
algorithm, the simulations are carried out under different 
conditions. The results are compared with those of PCA, Ye, 
and STMB. Meanwhile, the Cramer-Rao lower bound 
(CRLB) is used as a test standard [16], and the CRLB of the 
frequency, initial phase, and amplitude estimation values of 
real-value sinusoidal signal are: 

 

   

   
 

 

2

2

12
ˆvar

1

2 2 1ˆvar
1

ˆvar

N N SNR

N

N N SNR

A
A

NSNR





  
  



 


                           (17) 

 
In these tests, we fix 1A , 128N  , and  is random from

 to  . The mean square errors (MSEs) of the estimated 
parameter value are calculated over 5000 Monte Carlo 
simulations. 

Variable SNRs: we first examine the frequency estimation 
performance versus SNRs, varying from -10 to 50 dB, in 

steps of 2 dB. In addition, 0 2k  , and  is random from -0.5 to 

0.5. The numerical results are shown in Fig.2. 
 

 
 

Fig.2.  MSEs of ̂ versus SNRs. 

Our approach outperforms the other algorithms, and the 
MSEs are extremely close to the CRLB when SNRs > -4 dB. 
The estimation results of STMB designed for damped 
sinusoidal signal are close to CRLB in middle or high SNRs, 
but the anti-interference performance is very poor when 
SNRs < 15 dB. The Ye performs well at low SNRs, but it is 
characterized by MSEs saturation when SNRs > 30 dB. The 
PCA algorithm suffers from the interference, and there is an 
estimation deviation with CRLB about 3 dB. 

Variable frequencies: Then, we verify the frequency 
estimation performance versus frequencies, varying from
0.025 to 0.5  , in steps of 0.025 , and 10SNR dB . The 
numerical results are shown in Fig.3. 

 
 

Fig.3.  MSEs of ̂  versus  . 
 
Our approach has considerable estimation accuracy, and is 

better than other ones for all frequencies. The estimation 
performance of STMB is not good at low frequencies, and the 
estimation effect meliorates with the increase of frequencies. 
The PCA also has a low estimation accuracy at low 
frequencies when 0.1  , and there is an estimation 
deviation at medium and high frequencies. In addition, Ye has 
a good estimation performance, but it is a little worse than our 
approach. 

Variable initial phase: Then, we vary the initial phase to 
examine estimation performance of the initial phase, ranging 

from  to , in steps of 30 , 0 2k  , and 0.2  . In addition, 

SNR = 5 dB or SNR = 40 dB, and the numerical results are 
shown in Fig.4., respectively. 

In high SNRs condition, the proposed algorithm has a better 
initial phase estimation performance than those of other 
algorithms. The estimable range of initial phase is reduced 
slightly with the decrease of SNRs, but the estimation results 
are closer to CRLB than to other ones. The phase estimation 
range of STMB is restricted in high SNRs, and the estimation 
performance sharply declines in low SNRs. The PFM 
proposed in [13] is an excellent time-domain algorithm for 
phase estimation, but estimation effect is not good when the 
signal frequency is small. The frequency-domain algorithm, 
Ye, is close to CRLB when SNR is low because of the good 
anti-interference performance, but periodicity in the MSEs 
behavior is evident at high SNRs. 
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a) SNR = 5 dB 

 
 

b) SNR = 40 dB 
 

Fig.4.  MSEs of ̂ versus  when SNR = 5 dB and SNR = 40 dB. 

 
Variable SNRs: Finally, let us consider variable SNRs to 

verify the amplitude estimation performance, ranging from -

10 to 50 dB, in steps of 2. In addition, 0 2k  , 0.2  , and is 

random from  to  . The test results are shown in Fig.5. 

 

 
 

Fig.5.  MSEs of Â versus. SNRs . 

In low SNRs, our approach has a little estimation gap with 
Ye, but our approach performs better than other ones as SNR 
increases. Meanwhile, Ye has less effective estimation results 
because of spectrum leakage in high SNRs. The estimation 
results of PCA and STMB are affected by noise, and STMB 
has an obvious estimation deviation with CRLB. 

 
5.  CONCLUSION 

In this paper, a novel parameter estimation algorithm is 
proposed to reduce the noise influence and to improve the 
estimation performance. The proposed algorithm makes full 
use of the advantages of frequency- and time-domain 
algorithms. The noise influence is suppressed by FFT of 
frequency-domain algorithms and de-noising filtering of 
time-domain algorithms and the estimation performance is 
further improved by linear prediction property. Although the 
algorithm is simple, the idea is novel. 

The numerical results indicate that the frequency estimation 
performance of the proposed algorithm is superior to other 
excellent frequency- and time-domain algorithms under 
different conditions. The anti-interference and real-time 
performance are enhanced, and the MSEs of the frequency 
estimation values achieve the CRLB. Especially, when the 
signal frequency is low and the SNRs are high, the estimation 
advantage becomes more obvious. Meanwhile, the estimation 
accuracy of initial phase and amplitude are better than the 
other ones. 
 
ACKNOWLEDGMENT 

The study is supported by National Natural Science 
Foundation of China (NNSFC) (Grant Nos. 61871402 and 
61601493), National key Research and Development Plan of 
China (Grant Nos. 2018YFB2003900), and Foundation of 
State Key Laboratory of Aerodynamics (SKLA2019040202). 

The authors would like to thank all the anonymous 
reviewers for their constructive comments and suggestions 
which were helpful to improve the letter. 
 
REFERENCES 

[1] Tu, Y.Q., Shen, Y.L., Zhang, H.T., Li, M. (2016). Phase 
and frequency matching-based signal processing 
method for Coriolis mass flowmeters. Measurement 
Science Review, 16 (2), 61-66. 

[2] Shen, Y.L., Tu, Y.Q. (2016). Correlation theory-based 
signal processing method for CMF signals. 
Measurement Science and Technology, 27 (6), 065006. 

[3] Tu, Y.Q., Shen, T.A. Zhang, H.T., Li, M. (2014). Two 
new sliding DTFT algorithms for phase difference 
measurement based on a new kind of windows. 
Measurement Science Review, 14 (6), 350-356. 

[4] Sun, J., Aboutanios, E., Smith, D., Fletcher, J. (2020). 
Robust frequency, phase, and amplitude estimation in 
power systems considering harmonics. IEEE 
Transaction on Power Delivery, 35 (3). 

[5] Jafarpisheh, B., Madani, S.M., Shahrtash, S.M. (2017). 
A new DFT-based phasor estimation algorithm using 
high-frequency modulation. IEEE Transaction on 
Power Delivery, 32 (6), 2416-2423. 

- -3 /4 - /2 - /4 0 /4 /2 3 /4
(rad)

-25

-15

-5

5

15
PFM
Ye
STMB
Proposed
CRLB

- -3 /4 - /2 - /4 0 /4 /2 3 /4
(rad)

-60

-40

-20

0

20
PFM
Ye
STMB
Proposed
CRLB

-10 0 10 20 30 40 50
SNRs(dB)

-100

-10

80

170

260

350
PCA
Ye
STMB
Proposed
CRLB



 
 
 

MEASUREMENT SCIENCE REVIEW, 21, (2021), No. 1, 33-38 
 

38 

[6] Duda, K., Barczentewicz, S. (2014). Interpolated DFT 
for sinα(x) windows. IEEE Transaction Instrumentation 
and Measurement, 63 (4), 754-760. 

[7] Djukanović, S. (2016). An accurate method for 
frequency estimation of a real sinusoid. IEEE Signal 
Processing Letters, 23 (7), 915-918. 

[8] Ye, S.L., Sun, J., Aboutanios, E. (2017). On the 
estimation of the parameters of a real sinusoid in noise. 
IEEE Signal Processing Letters, 24 (5), 638-642. 

[9] So, H., Chan, K., Chan, Y., Ho, K. (2005). Linear 
prediction approach for efficient frequency estimation 
of multiple real sinusoids: Algorithms and analyses. 
IEEE Transaction on Signal Processing, 53 (7). 

[10] Cao, Y., Wei, G., Chen, F. (2012). A closed-form 
expanded autocorrelation method for frequency 
estimation of a sinusoid. Signal Processing, 92 (4), 885-
892. 

[11] Roy, R., Kailath, T. (1989). ESPRIT-Estimation of 
signal parameters via rotational invariance techniques. 
IEEE Transaction on Acoustics, Speech, and Signal 
Processing, 37 (7), 984-995. 

[12] So, H., Chan, Y. (2005). Short-time frequency 
estimation of a real sinusoid. IEICE Transactions on 
Fundamentals of Electronics, Communications and 
Computer Sciences, E88-A (9), 2455-2459. 

[13] Shen, Y.L., Tu, Y.Q., Chen, L.J., Shen, T.A. (2015). A 
phase match based frequency estimation method for 
sinusoidal signals. Review of Scientific Instrument, 86 
(4), 721-726. 

[14] Tu, Y.Q., Shen, Y.L. (2017). Phase correction 
autocorrelation-based frequency estimation method for 
sinusoidal signal. Signal Processing, 130, 183-189. 

[15] Duda, K., Zielinski, T. (2013). Efficacy of the 
frequency and damping estimation of a real-value 
sinusoid. IEEE Instrumentation & Measurement 
Magazine, 16 (2), 48-58. 

[16] Steven, M.K. (1993). Fundamentals of Statistical 
Signal Processing: Estimation Theory, Vol. 1. Pearson, 
ISBN 978-0133457117.  

 
Received August 08, 2020 

Accepted February 28, 2021 
 


