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As harmonic distortion of voltage and current is reality in the power system, the need for accurate measurement of electrical power and 
energy goes beyond the instruments’ specifications and calibration procedures regarding pure sine wave signals. Several international 
standards and recommendations provide test signals for examination of electricity meters under non-sinusoidal conditions, however, not all 
of the test signal parameters’ possible states are faithfully represented in those documents. Because the high order harmonics may possess 
random amplitudes and phase shifts in relation to components at fundamental frequency, it is important that the meter’s performance is 
verified with random waveforms as well. The non-linear dependence between the measured power/energy and the phase shifts, both between 
fundamental and harmonic components, provides additional complexity of such an analysis. Simple test signals, which are in accordance 
with the standards’ demands and propositions, are used for determination of the measurement error in case of different harmonic distortion 
parameter change. In order for a general error function for any measurement device to be determined, mathematical modelling, regarding 
the results from multiple tests, is performed. The mathematical model presents a strong dependence between a single component’s phase 
shifts and a meter’s error and it provides a systematization of all signal parameters’ influence on the measurement accuracy.  
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1.  INTRODUCTION 

High order harmonics in voltage and current waveforms are 
an undesirable occurrence in the power system and most 
commonly are the result of non-linear loads, such as: arc 
furnaces and welding equipment, lighting installations with 
discharge lamps and LEDs, battery chargers, rectifiers [1]-
[3], etc. Distorted signals cause problems in power networks 
and result in increased electrical and magnetic losses, high 
current flow through the neutral conductor and insulation 
ageing of the electrical equipment. The effects of high 
frequency components on the constructive parts of 
measurement equipment may further lead to inaccurate 
measurement of the system’s parameters. This is especially 
important to be analyzed in details in case of electricity 
meters, intended for legal metrology purposes [4].  

There are several international standards and 
recommendations which comply with the need for electricity 
meter examination under non-sinusoidal conditions. In the 
international standard EN 50470 [5]-[7], test signals 
regarding calibration of active energy meters, in case of 
harmonically distorted voltages and currents, are presented. 
These documents [5]-[7] are widely accepted in practice and 
are used as a base for many research papers [8]-[12]. An 

example of test signals, used for examination of static 
electricity meters for active energy, are voltage and current 
waveforms comprising 5th order harmonics, beside 
components at fundamental frequency [7], [8], [10]. The 
share of the 5th order voltage harmonic equals 10 % of the 
fundamental’s value, while for the 5th order current harmonic 
the share equals 40 % of the 50 Hz component’s magnitude. 
Both voltage and current harmonics are in phase with 
fundamentals at positive zero crossing. Another example of 
an international document for active energy meter calibration, 
in which test signals comprising harmonics are proposed, is 
OIML R 46-1/-2 Recommendation [13]. In [13], 2 
harmonically distorted signal sets are presented, called 
Quadriform waveform and Peaked waveform. Both test 
signals possess similar limitations for voltage and current 
distortion as stated in [7], and the single harmonic 
components are either in phase, or 180˚ displaced, in 
accordance with fundamental ones.  

In some research papers [8]-[9], [14]-[16] test signals, with 
random harmonic share and phase shifts, are presented. These 
scientific works comply with the need for evaluation of the 
meter’s error in accordance to: the degree of harmonic 
distortion [8], [12], the presence of harmonic components at 
certain frequency [16], the duration of the disturbances [10], 
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and their effect on the instrument’s measuring principle [11]. 
None of the papers presented deal with the effects of a single 
harmonic distortion parameter on the power and energy 
meters’ errors. The need for such an analysis is important 
because of several reasons: 
− voltage and current distortion is not limited to a single 

harmonic component, as test procedure proposed in [7] 
suggests, 

− high order harmonics may possess totally random phase 
shifts in relation to voltages and currents at fundamental 
frequency, which is not the case with test signals 
proposed in [13], 

− amplitudes of high order harmonics, in single point of the 
network, can be significantly higher, or lower than the 
constraints introduced in [7] and [13]. 

In the following work, the effects of single distortion 
parameters such as: harmonic order, amplitude (or share in 
the signal) and phase shift on instruments for active power 
and energy will be examined. High accuracy electricity meter 
for active energy, based on Digital Signal Processing (DSP), 
will be used as Unit Under Test (UUT). The test procedure 
which is going to be performed will encompass simple 
distorted waveforms, as proposed in [7], but with accent on 
the parameter change effect on the meter’s output. The 
measurement errors obtained, because of harmonic’s order, 
magnitude and phase shift change, will be introduced into a 
mathematical model. Later, the model is going to be validated 
with complex test signals, comprising several high frequency 
components, with random amplitudes and phase shifts, and a 
high accuracy class measurement equipment. 
 
2.  THEORETICAL BACKGROUND 

A voltage or current signal which, beside the component at 
50 Hz, possesses high order harmonics up to nth order, can be 
expressed in the time domain using Fourier series [1]-[2]: 
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where Xh is the RMS of the harmonic component of order h, 
αh is its phase shift and ω is the angular frequency. The 
number of high frequency components regarded in the 
waveform of the signal is usually limited at 50th harmonic [3]. 
The RMS of the distorted signal is calculated as: 
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while for distortion quantification, the parameter Total 
Harmonic Distortion – THD is used [3], [17]: 
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Because for the purposes of this work electricity meters are 
regarded, the quantity of particular interest is active power or 

active energy. Single phase active power, in case of distorted 
waveforms, is expressed as follows [17]: 
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where, u(t) and i(t) are the time varying voltage and current 
signals according to (1), Uh and Ih are the RMS values of the 
hth order harmonic components, and φh is the phase shift 
between them. When distorted waveforms are regarded, it is 
often the case, that single harmonic components are 
expressed as percentage values, xh[%], of fundamental 
voltage’s or current’s magnitude, X1. The phase shift of a high 
order harmonic is also presented in relation to the voltage or 
current at fundamental frequency [7], [13]. Taking the last 
statements into account, the RMS of the hth order harmonic 
of voltage or current can be expressed as follows: 
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while the phase shift between the voltage and the current, 
having h times higher frequency than the system’s nominal, 
is calculated as [18]: 
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φ1 being the phase shift between the voltage and the current 
at 50 Hz, while θih and θuh are the phase shifts between the hth 
order harmonics of current and voltage and the components 
at fundamental frequency. The multiplication of φ1 by the 
order of harmonics h, stands for the fact that the phasors of 
the high frequency components rotate h times faster than the 
phasors of U1 and I1.  

When an instrument is intended for active power 
measurement, (4) is the starting point for further analysis. 
When the UUT is an electricity meter, an additional quantity, 
i.e. time, is supposed to be also taken into account. However, 
electricity meter’s performance will be observed from the 
perspective of its measurement capabilities for active power 
recording. This assumption is adopted for 2 reasons. First, 
taking into account the fact that the time factor is not affected 
by harmonic distortion, the additional error because of single 
high frequency component will be reproduced as error of the 
hth order power component measurement. The second reason 
is based on basic metrological knowledge, that voltage and 
current measurement errors exceed the errors in time 
measurement in orders of magnitude scale. 

 
3.  MEASUREMENT EQUIPMENT AND PROCEDURES 

The experimental part of the work was performed in the 
Laboratory of Electrical Measurements (LEM), which is part 
of the Faculty of Electrical Engineering and Information 
Technology (FEEIT) at Ss. Cyril and Methodius University  
in Skopje (UKIM). It is an accredited laboratory for 
calibration of instruments and reference standards for a 
variety of electrical quantities, according to international 
standard ISO EN МКС 17025:2018 [19]. The metrological 
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traceability chain of this laboratory, in domain of electrical 
power and energy instruments calibration [20]-[21], consists 
of 2 reference standards, illustrated in Fig.1.: 
− ZERA COM3003, digital three phase electrical power 

and energy comparator of accuracy class 0.01, used as 
primary reference standard for three phase, low 
frequency voltages and currents, active, reactive and 
apparent power, power factor and energy [22], 

− CALMET C300, three phase voltage and current source 
of accuracy class 0.02, used as a laboratory working 
standard for calibration of low-level accuracy electricity 
meters and other AC measurement equipment [18]. 

The secondary standard, CALMET C300 [18], plays the 
central role in the experiments conducted in this work. It is 
software controlled and can be used for electricity meter error 
examination. A 3 phase 4 wire connection of an electricity 
meter to the reference standard [18] is illustrated in Fig.2. The 
pulses  procession on  UUT’s  pulse output is proportional to 

the measured energy. These pulses are recorded via optical 
head (photo transducer) and are an input signal in the 
reference standard’s pulse input via external circuit for signal 
conditioning and data acquisition. The results from the test 
procedure are automatically calculated and presented in 
relative (percentage) error form as follows: 
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where PUUT is the measured power (energy) by the meter 
being tested and PC300 is the power (energy) generated by the 
reference standard [18]. The automated error test can be 
performed with pure sine wave signals, and with distorted 
waveforms as well. The distortion parameters, i.e. single 
harmonics’ share and phase shift, are manually set by the 
user. In case of examination procedure with non-sinusoidal  
waveforms, the value of generated active power is calculated 
as declared in (4)-(6). 

 
 

Fig.1.  Primary and secondary reference standards of LEM in the domain of electrical power and energy. 
 

 
Fig.2.  Scheme for 3 phase electricity meter testing with CALMET C300.
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The practical part of the analysis presented in this work is 
divided into 2 parts. The first part consists of a high accuracy 
active energy meter examination with distorted waveforms. 
The role of the UUT is played by an electricity meter for 
active energy, intended for instrument transformer 
connection, Landys+Gyr ZMD405CT44.2407, 
3x58 V/ 100 V, 5 A, 50 Hz, accuracy class 0.5S [23]. Its 
measuring principle is based on DSP, i.e. on averaging the 
instantaneous power: 
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where u1k, u2k, and u3k are the instantaneous voltage samples 
for all 3 phases, i1k, i2k, and i3k are the instantaneous current 
samples for all 3 phases and N is the number of samples 
obtained during the averaging period. The connection of this 
UUT to the reference standard [18] is illustrated in Fig.2.  

A total of 5 test procedures is conducted on the concrete 
UUT. In every measurement procedure only one high order 
harmonic component is present in the waveforms, beside the 
fundamental voltages and currents. Additionally, in every 
procedure only one parameter (harmonic order, amplitude, or 
phase shift) of the test signals is variable, while all the others 
are held constant. Procedures consist of several sub-
procedures, which correspond to a different value of the 
harmonic parameter being changed. Sub-procedures are 
determined by 9 measurement points, which correspond to a 
different phase shift between fundamental voltages and 
currents, φ1, ranging from -60˚ to 60˚, with a step of 15˚. The 
RMS of the voltage and current signals are held constant 
during the measurements and are equal to the UUT’s nominal 
values, 58 V and 5 A. The values of harmonic parameters for 
every measurement procedure are illustrated in Table 1. The 
symbol v in every column of Table 1. denotes that the 
parameter is variable in the concrete procedure.  

As stated earlier, the results from testing of the UUT [23] 
with CALMET C300 [18] are presented as percentage errors 
using (7). In order for the UUT’s measurement output to be 
determined, it is more convenient for errors to be expressed 
in absolute form: 

 
Table 1.  Harmonic parameters values in every measurement 

procedure. 
 

Procedure 

Value of the specific harmonic 
parameter 

h uh 
[%] 

ih 
[%] 

θuh 
[˚] 

θih 
[˚] 

1 5 10 40 0 v 
2 5 10 40 v 60 
3 5 10 v 0 60 
4 5 v 40 0 60 
5 v 10 40 0 60 

,300CUUT PPP −=∆   (9) 
 

and that can be accomplished by using the results obtained 
from the automated error tests and (7): 
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From the error results obtained during the first part of the 

practical analysis, the measurement output for electricity 
meter, based on DSP, can be modelled mathematically. In 
order for the assumptions and conclusions obtained from the 
model to be validated for other meters of this type and for 
different values of the harmonic components’ parameters, 
other electricity meters [24]-[25] and the primary reference 
standard of LEM, ZERA COM3003 [22] will be used as 
UUT. In the second part of the practical analysis, the 
reference standard [22] will be tested with more complex, 
non-sinusoidal signals, which are going to encompass several 
high order harmonic components, with random magnitudes 
and phase shifts. The connection of ZERA COM3003 [22] to 
the harmonic source, CALMET C300 [18] is similar to the 
connection of any low accuracy class electricity meter, 
illustrated in Fig.2. The primary reference standard [22] is 
used for 2 reasons: 
− to provide justification of the mathematical model 

regarding active power/energy measurement error of an 
instrument based on DSP, for any complex signals 
comprising harmonics with random order, magnitude 
and phase shift, and 

− to provide justification of the secondary standard’s 
output [18] in domain of single harmonic component 
generation; in such a scenario it is used as a power quality 
analyzer and single voltage and current harmonic 
components are monitored independently.  

 
4.  CASE STUDY 

The first measurement procedure is carried out with 
waveforms similar to those proposed in [7]. The test voltage 
comprises a 50 Hz component and a 5th order harmonic, 
which possess a magnitude equal to 10 % of the 
fundamental‘s value and is in phase with U1 at positive zero 
crossing. A 5th order harmonic component is also present in 
the current signal and its magnitude equals 40 % of I1. The 
phase shift of the current harmonic, θi5, is variable during the 
measurements and that defines single sub-procedures. The 
measurement results are presented in form of errors in 
absolute form, as stated in (9) and (10), and are illustrated in 
Fig.3. as different curves for every measurement sub-
procedure.  

As can be seen from Fig.3., error intensity changes in every 
measurement sub-procedure, and these variations can be 
mathematically represented as a sine wave function of φ1. The 
period of these functions equals 72˚, i.e. 360˚/5, while their 
numerical representation can be written as: 
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Fig.3.  Errors in active power measurement ΔP = f(φ1), for different θi5, u5[%] = 10 %, i5[%] = 40 %, θu5 = 0˚. 
 
where the amplitude K1 is strongly dependent on θi5, taking 
into account that all other parameters are constant in every 
measurement sub-procedure. The amplitude of the error 
function is small when θi5 equals 0˚, in that case the electricity 
meter is within its accuracy class, for most test points. Errors 
increase as θi5 increases, when φ1 ≠ 0˚ they go beyond the 
accuracy class of the UUT and are maximal when θi5 = 90˚. 
From this point onwards, K1 commences to decrease and is 
minimal once again for θi5 = 180˚, but with opposite polarity. 
For the “capacitive” range of θi5, an increase in errors when 
this parameter changes in the interval between 180˚ and 270˚ 
is recorded, while in the range between 270˚ and 360˚, errors 
decrease to the minimal value. In terms of relative errors, 
maximal values are recorded in the measurement points 
which correspond to a ±60˚ phase shift φ1. In the sub-
procedures in which θi5 equals 0˚ or 180˚, the εmax lies 
between ±0.8 % and ±1.2 %. On the other hand, in the sub-
procedures which correspond to a ±90˚ value for θi5, errors as 
high as ±15 % are recorded for the same values of φ1.   

The second measurement procedure is similar to the first 
one, except that the phase shift θi5 is fixed at 60˚, while each 

sub-procedure is defined by the value of θu5. The errors ΔP 
are illustrated in Fig.4., presented as a function of φ1.  

Fig.4. certifies that errors, when 5th order harmonic 
components are present, can be mathematically evaluated 
using (11). They are minimal when θu5 = 60˚, which indicates 
that the error amplitude, K1, is not dependent solely on θi5, but 
on the difference θi5-θu5. In terms of relative errors, for the 
concrete sub-procedure, εmax lies between ±0.9 % and ±1.1 %. 
If that conclusion is adopted, then K1 is minimal when θi5-θu5 
= 0˚ and icreases up to the point where θi5-θu5 = 90˚ (θu5 = 
330˚ = -30˚), then decreases and is once again minimal, with 
opposite polarity, for θu5 = 240˚ = -120˚. Further on, the error 
function amplitude increases up to the point where θi5-θu5 = 
270˚, that is, in the particular case for θu5 = 150˚, and then 
decreases up to the point where θu5 = 60˚. Not all of these 
measurement sub-procedures were conducted, however, from 
those performed, the appropriate conclusions can be derived. 
In order for the dependence K1 = f(θi5-θu5) to be obtained, the 
first two measurement data sets are reorganized into an 
additional data set, in which every curve corresponds to a 
different value of φ1, see Fig.5. 

 

 
 

Fig.4.  Errors in active power measurement ΔP = f(φ1), for different θu5, u5[%] = 10 %, i5[%] = 40 %, θi5 = 60˚. 
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Fig.5.  Errors in active power measurement ΔP = f(θi5-θu5,), for different φ1, u5[%] = 10 %, i5[%] = 40 %. 
 

In Fig.5., the dependency between the measured error and 
the phase shift difference θi5-θu5 is illustrated, for different 
values of φ1. As can be seen, the error function follows a sine 
wave pattern with a period of 360˚. The amplitude of single 
curves is dependent on φ1, and is maximal for φ1 = -15˚ and 
φ1 = 15˚, taking into account that the peaks of the error 
functions illustrated in Fig.3. and Fig.4. are the measurement 
points which correspond approximately to the same φ1 values. 
From the results presented in Fig.5., (11) is reorganized as: 
 

( ) ( ),sin5sin 5512 uiKP θθϕ −=∆                  (12) 
 

where K2 is an error component related to other signals’ 
parameters. In order for K2 to be mathematically evaluated, 
third and fourth measurement procedures are performed.   

In the third measurement procedure, once again only 5th 
order  harmonics  are regarded. Phase shifts θu5 and θi5 are 
held  constant  at  0˚ and  60˚, respectively. The amplitude of 

voltage’s 5th order harmonic is held constant at 10 % of U1, 
while the amplitude of 5th order current harmonic is variable 
in the interval between 20 % and 40 % of I1, with a step of 
5 %. In Fig.6.a) errors are illustrated as a function of φ1 and 
as can be seen they follow the same sine wave pattern, for 
every i5[%]. The difference in the single error function 
amplitude is proportional to the share of the 5th order current 
harmonic, taking the fact that all other parameters in the 
measurement procedure are held constant. In terms of the 
UUT’s accuracy class, the relative errors are maximal when 
φ1 = ±60˚ and their value lies between ±6 % when i5[%] = 
20 % and ±12.5 % when i5[%] = 40 %. The reorganized data 
is presented in Fig.6.b), where each subset corresponds to a 
different phase shift φ1, and errors are illustrated as a function 
of i5[%]. It can be concluded that deviations in active power 
(energy) measurements possess a linear relationship with the 
amplitude of the current harmonic, and when i5[%] = 0 %, i.e. 
when the current signal possesses a pure sine form, ΔP≈0 W.  

 

 
 

Fig.6.  Errors in active power measurement: a) ΔP = f(φ1), for different values of i5[%], b) ΔP = f{i5[%]}, for different values of φ1;    
u5[%] = 10 %, θu5 = 0˚, θi5 = 60˚.  
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Similar conclusions can be derived from the fourth 
measurement procedure, the results from it are illustrated in 
Fig.7. The 5th order voltage harmonic share possesses 
different value for every measurement sub-procedure, while 
all other signal parameters are held constant. From Fig.7.a) it 
can be concluded that the error function possesses different 
amplitude for different values of the 5th order voltage 
harmonic, the highest being for u5[%] = 10 %, while the 
lowest corresponds to u5[%] = 2.5 %. The maximal relative 
errors, as indicated for the UUT’s performance in accordance 
with its accuracy class, vary between ±3.2 % for u5[%] = 
2.5 % and ±12.5 % when u5[%] = 10 %. Fig.7.b) represents 
the linear relationship between ΔP and u5[%] for different φ1 
values. The error is approximately 0 W, when there is no 
harmonic distortion of the voltage signal. 

Taking the conclusions of the last two measurement 
procedures into account, (12) is rewritten as follows: 

 
( ) ( ),sin5sin3 551553 uiIUKP θθϕ −=∆               (13) 

where U5 and I5 are the RMS values of the 5th order voltage 
and current harmonics, as they are proportional to u5[%] and 
i5[%] according to (5). The multiplication factor 3 stands for 
the fact that the electricity meter is a 3 phase instrument, and   
K3 is a coefficient, which is not dependent on any harmonic 
parameter of the signal. From the measurement results 
obtained, K3 equals approximately 2 for every test point. 
Taking the previous discussion into account, the error 
function, when only the 5th order voltage and current 
harmonics are regarded in the test waveforms, equals: 
 

( ) ( )[ ],sin5sin23 551555 uiIUPP θθϕ −=∆=∆          (14) 
 

In the last test procedure, for every sub-procedure, only one 
order of harmonic signals is taken into account: 5th, 7th, 9th, 
and 11th. The amplitudes of the harmonic components are 
constant, uh[%] = 10 % and ih[%] = 40 %, in every sub-
procedure, and the phase shifts are fixed at θuh = 0˚ and θih = 
60˚. Measurement results ΔP = f(φ1) are illustrated in Fig.8.  

 

 
 

Fig.7.  Errors in active power measurement: a) ΔP = f(φ1), for different values of u5[%], b) ΔP = f{u5[%]}, for different values of φ1;   
i5[%] = 40 %, θu5 = 0˚, θi5 = 60˚. 

 

 
 

Fig.8.  Errors in active power measurement ΔP = f(φ1), for different harmonic order, h, uh[%] = 10 %, ih[%] = 40 % , θuh = 0˚, θih = 60˚.
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As can be seen from Fig.8., for all test signals, the error 
function follows a sine wave pattern of φ1. Its period changes 
with variation of the harmonics’ order, while the amplitude is 
constant, taking into account the fact that it depends on the 
harmonics’ amplitudes and phase shifts which are fixed for 
every sub-procedure. From Fig.8. it can be concluded that the 
period change is inversely related to the harmonic order: 
 

.360
h

Th



=                                  (15) 

 
If these statements are adopted, (14) can be rewritten in a 
general manner: 
 

( ) ( )[ ],sinsin23 1 uhihhhh hIUP θθϕ −=∆              (16) 
 
where all the parameters with index h are correlated to a 
specific harmonic order h. 

An additional measurement data set is presented, as a 
conclusion of the first part of practical analysis. The 
following measurement results are recorded during an 
examination procedure performed on 4 instruments for active 
power/energy, in order for a general acceptance of the error 
function, presented in (16), to be adopted. The 4 active 
power/energy instruments used in the concrete procedure as 
a UUT are:  
− Landys+Gyr ZMD405CT44.2407 [23], i.e. the 

electricity meter used in the previous analysis,  
− LEM’s primary reference standard, ZERA COM3003 

[22], used as 3 phase active power indicator,  
− Landys+Gyr ZMD310CT44.0000 [24], an active energy 

meter for direct connection of accuracy class 1, 3x220 V/ 
380 V, 20 A, 50 Hz,  

− ISKRA MT173 [25], an active energy meter for direct 
connection of accuracy class 2, 3x220 V/ 380 V, 10 A, 
50 Hz.  

The test is performed with voltage and current waveforms 
which comprise the 5th order harmonics beside components at 

fundamental frequency. The share of the voltage and current 
harmonics equal 10 % and 40 % of the fundamentals, 
respectively, and their phase shifts are fixed at θu5 = 0˚ and θi5 

= 60˚. The three electricity meters are tested with signals that 
match their nominal voltage and current, while the primary 
reference standard ZERA COM3003 is tested with 220 V and 
5 A RMS values. As was the case in the previously conducted 
5 measurement procedures, 9 measurement points are used 
for illustration of the error function, which correspond to 
phase shifts φ1 between -60˚ and 60˚, with a step of 15˚. The 
results from the test are illustrated in Fig.9.  

From Fig.9. a sine wave envelope of the error function ΔP 
= f(φ1) is recorded for all 4 measurement devices. The 
difference between the error functions’ intensity is due to the 
fact that, every measuring device is tested with voltages and 
currents with different amplitudes. According to (16) the 
errors are proportional to the RMS of the harmonic 
components, which are, according to (5), proportional to the 
fundamental voltages and currents. An error function with the 
greatest amplitude is recorded when the examination is 
performed on Landys+Gyr ZMD310CT44.0000, because this 
device is tested with the highest voltage and current signals, 
U = 220 V and I = 20 A, respectively. The lowest absolute 
errors are recorded in the measurements encompassing 
Landys+Gyr ZMD405CT44.2407, because the test signals’ 
RMS equal only U = 58 V and I = 5 A. If the results are 
regarded in a relative (percentage) form, then similar values 
for the errors are recorded in all 4 tests. The maximal relative 
errors for all 4 electricity meters are present in the 
measurement points which correspond to ±60˚ phase shift 
between U1 and I1. The errors’ values in the concrete test 
points vary between ±10.5 % and ±12.5 %. The period of all 
error functions follows (15), i.e. it equals 360˚/5 = 72˚, even 
though the zero crossing is displaced, especially in the case 
of the function corresponding to the ISKRA [25] meter. 
These phenomena can be explained with a higher base error 
of this meter, in case of sine wave signals, taking into account 
the fact that this device is of a lower accuracy class.  

 

 
 

Fig.9.  Errors in active power measurement ΔP = f(φ1), for different measurement devices, u5[%] = 10 %, i5[%] = 40 % , θu5 = 0˚, θi5 = 60˚.
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5.  MATHEMATICAL MODEL AND VALIDATION 
Equation (16) represents a mathematical model for error 

calculation in active power and energy measurements, when 
only one harmonic component exists in the voltage and 
current signals. It can be expanded in order for deviations of 
more complex signals to be determined. Taking into account 
the fact that in (16) no correlation exists between the high 
order harmonics and the fundamental components at 50 Hz, a 
more general expression can be presented: 
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The power generated by the reference standard [18] is 
calculated via (4) and multiplied by 3, for a three phase 
system. If (9) and (10) are regarded, the power measured by 
the UUT equals: 
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The second part of (18) can be rewritten using a well-known 
trigonometric identity and (6) as: 
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where P1 is the fundamental power. From (17) and (19) 
several conclusions are derived. First, the meter will measure 
the power/energy generated by the reference standard, with 
minimal additional error, in any case when the fundamental 
voltages and currents are mutually in phase, no matter the 
harmonics’ phase shifts and amplitudes, as long as they are 
limited to the standard’s [7] values. The errors will be low 
even if φ1 ≠ 0˚, but only when single harmonic components 
are  in  phase  with  voltages   and  currents   at   fundamental 

frequency or if they are 180˚ displaced, at the positive zero 
crossing. Both statements are backed up by the general error 
function presented in (17). The second conclusion which can 
be derived from the measurements conducted and the 
mathematical model presented is the fact that the energy 
meter regards the high harmonics as components which rotate 
in opposite direction compared to the fundamental ones. This 
statement is obtained by comparison of (4), (6) and (19) in the 
domain of high order harmonics’ phase shift calculation. 

An experimental validation of the proposed mathematical 
model is conducted, for confirmation that the measurement 
principle presented using (19) is valid for instruments based 
on DSP and for random harmonic distortion of voltage and 
current waveforms. For the validation procedure, LEM’s 
primary reference standard, ZERA COM3003 [22], is used as 
UUT. Beside the active power measuring principle, with the 
laboratory’s primary reference standards, single harmonic 
components’ amplitudes and phase shifts, generated by 
CALMET C300 [18], are validated as well. For that purpose, 
ZERA COM3003 is used as a power quality analyzer. The 
validation procedure is conducted with 3 test signals, the 
share and phase shifts of each high order component in these 
signals is presented in Table 2.  

In the 3 test signals, high frequency components up to the 
11th order are regarded, with only odd harmonics taken into 
account. Only 2 constraints are applied, the voltage 
harmonics do not result in THDU higher than 10 %, while the 
current harmonics do not result in THDI higher than 40 %, as 
stated in [7] and [13]. A total of 9 measurements for every 
signal set is performed, each one corresponding to a different 
phase shift, φ1, between -60˚ and 60˚, with a step of 15˚. The 
characteristics of the 3 signal sets are different, in order for a 
general acceptance of the mathematical model to be provided. 
Signal set 1 is considered as a case with high harmonic 
distortion present in a low voltage network, where the 
instrumentation is intended for direct connection, or 
connection via current transformer, U = 230 V, I = 5 A. 
Signal set 2 represents a case with a lower harmonic 
distortion, present in a medium or high voltage network, i.e. 
the instrument is intended for connection via instrument 
transformers, U = 58 V, I = 1 A. Signal set 3 is once again an 
example of a low voltage network disturbance, with absence 
of triplen harmonics, U = 230 V, I = 20 A.

 
Table 2.  Harmonic components in 3 random signal sets for validation of the mathematical model. 

 

h 

Signal set 1 Signal set 2 Signal set 3 

uh 
[%] 

θuh 
[˚] 

ih 
[%] 

θih 
[˚] 

uh 
[%] 

θuh 
[˚] 

ih 
[%] 

θih 
[˚] 

uh 
[%] 

θuh 
[˚] 

ih 
[%] 

θih 
[˚] 

3 8.2 65 34.9 119 5.22 63 23.15 17 0 0 0 0 
5 4.4 247 15.1 194 1.98 224 11.53 312 6.93 95 28.7 328 
7 1.15 174 8.5 48 0.83 117 6.89 94 2.81 266 14.33 65 
9 0.78 12 2.45 7 0.21 336 1.84 222 0 0 0 0 

11 0.12 325 0.87 204 0 0 0 0 0.96 148 3.19 185 
THD [%] 9.41 39.05 5.65 26.83 7.54 32.24 
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The test results are illustrated in Fig.10., Fig.11., and 
Fig.12. For each signal set, 3 curves are illustrated. The first 
curve, the solid line with dots, labeled as ΔPΣ,Z-C, resembles 
the measurement errors. Measurement errors are the 
differences between the actual value three phase active power 
measured by the primary reference standard [22] and the 
value applied by the harmonic source, i.e. secondary standard 
[18]. This difference is calculated via (9), where PUUT, is the 
active power measured with ZERA COM3003 [22]. The 
dashed line with square points, labeled as ΔPΣ,cal, represents 
the error function calculated with the mathematical model. 
Single points on this curve are obtained if the generated 
signals’ parameters, that are entered in CALMET C300 [18], 
are inserted into (17). The third curve, presented as dashed 
line with triangular points, named ΔPΣ,Z-Z, resembles the 
deviation between the actual three phase active power 
measured by the primary reference standard [22], and the 
calculated power using the same instrument as a power 
quality analyzer. From the mathematical point of view, the 
points on this curve are obtained by using (9), PUUT is the 
measured 3 phase active power by ZERA, while instead of 
PC300, the calculated active power, using (4)-(6), from the 
measured single harmonics is used. 

As can be seen from Fig.10., Fig.11., and Fig.12. for all 3 
test signals, measurement errors made by the reference 
standard [22] comply with measurement errors calculated 
with (17). This conclusion is derived by comparison between 
ΔPΣ,Z-C and ΔPΣ,cal curves for all 3 waveforms. In some 
measurement points, a small mismatch exists and it is the 
result of an additional error existence because of increased 
losses due to high order harmonics. These errors are not 
regarded in the mathematical model, (17) and (19), but can be 
covered by the expanded measurement uncertainty of both 
standards, in case of non-sinusoidal voltages and currents. 
The third curve in the figures, ΔPΣ,Z-Z, gives additional 
justification of the model, because it provides assurance of 
the secondary standard’s output. In the end it can be 
concluded that for random harmonic distortion, the envelope 
of the error function follows the sine wave pattern of the 
dominant harmonic order components, that being the 3rd order 
harmonics for signal sets 1 and 2, Fig.10. and Fig.11., and the 
5th order harmonics for signal set 3, Fig.12. The measuring 
points are chosen with a 15˚ margin for φ1, if this step is 
lower, more realistic error curve will be provided for both real 
measurements and calculation results.

 
 

Fig.10.  Errors in active power measurements with ZERA COM3003 for Signal set 1. 
 

 
 

Fig.11.  Errors in active power measurements with ZERA COM3003 for Signal set 2. 
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Fig.12.  Errors in active power measurements with ZERA COM3003 for Signal set 3. 
 
6.  CONCLUSION 

In the work, an experimental approach for mathematical 
modelling of active power and energy instruments’ 
measurement error, when voltages and currents are non-
sinusoidal, is presented. The model is developed, starting 
from real measurements, conducted on a high accuracy class 
electricity meter, when only one harmonic order component 
is present in both voltage and current signals. The 
measurements are performed with different distorted 
waveforms, regarding alteration of different harmonic 
parameters, i.e. amplitudes and phase shifts. The whole 
experiment is conducted in an accredited calibration 
laboratory, with reference standards traceable to BIPM.  

From the measurement results and later from the 
mathematical model itself, it can be concluded that errors in 
active power and energy measurements are low when the 
phase shifts between fundamental and harmonic components 
equal to 0˚ or 180˚. If that is the case, errors are comparable 
to errors when the UUT is exposed to pure sine wave signals, 
with an additional component due to increased losses in the 
constructive elements of the instrument. When only one 
harmonic order components are present, which are not 
mutually in phase and there is also a phase shift between 
fundamental voltages and currents, a significant error in 
measurement exists. This error can be as high as ±15 % and 
even more, depending on the harmonic components’ 
magnitudes. The error change can be represented with a sine 
wave function, whose period is inversely proportional to the 
harmonics’ order. Its magnitude depends also on the phase 
shifts between harmonics, in relation to fundamental 
components being maximal for phase shift of ±90˚. The 
reason for this error existence can be found if an additional 
analysis on a digital electricity meter is performed. This 
analysis is supposed to provide an explanation on the 
measurement process’ stage in which an alteration of the 
harmonic voltages’ and currents’ phase shifts occurs. The 
reason for an alteration of phase shifts is about to be revealed 
if input and output signals are recorded in every 4 signal 
conditioning  and  processing  stages  by  a  digital electricity  

meter for active energy: analog signal conditioning, 
sampling, A/D conversion, and digital processing.  

In the end, a validation of the model is provided by testing 
the laboratory’s primary reference standard, ZERA 
COM3003, with random harmonically distorted signals. It 
can be concluded that the proposed mathematical model for 
error determination suits random harmonic distortion, as well. 
In some measurement points, deviation exists between the 
measured and calculated error. This deviation is primary 
because the model itself does reflect only the measurement 
principle of a device intended for active power/energy 
measurements, and does not encompass the increased losses 
due to higher frequency components. The other thing to be 
highlighted is the fact that the primary reference standard 
does not possess documented specification for high order 
harmonics phase shift measurements. It is challenging for 
future research, this type of specifications to be provided by 
experimental means for additional improvement of the 
mathematical model itself and for establishment of a 
metrological traceability chain in the domain of non-
sinusoidal voltages and currents within the laboratory.  
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