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We present the development, realization and setup of dielectric resonators, for the purpose of measuring the surface impedance
at microwave frequencies of superconducting thin films. We focus on resonators designed to operate in dc magnetic fields, optimized
for the measurements of the variation of the surface impedance with the applied field. Two resonators, operating at 8 and 48
GHz, are presented. We discuss different approaches to the measurement of the resonator parameters, with particular attention
to the nonidealities of real setups in a cryogenic environment. Finally, we present some sample measurement of high-Tc and low-Tc
superconducting films.
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quality factor Q and resonant frequency ν0 of the resonator
[17, 18, 19, 20] one can derive Zs . The materials and the geometry chosen for the practical realization of the resonator, as
well as the methods adopted for the determination of Q and
ν0 , affect the sensitivity, the accuracy and the precision of the
measurements of Zs .
For what concerns the geometry of the resonator, we concentrate on dielectric-loaded cylindrical resonators, based on
a cylindrical dielectric rod, with complex permittivity εr =
εr′ (1 + i tan δε ), screened by a metallic enclosure of surface
1/2
limit, one has Zs = Zs,bulk = (i2πν µ0 ρ̃ ) , where ρ̃ is the
impedance Zm . Excitation and detection of the signal is
complex resistivity and ν is the measuring frequency. When
obtained by loops or antennas, which introduce additional
the thickness ts of the sample under study is smaller than the
losses. Thus, the assembly exhibits a loaded quality factor
London penetration depth (in the superconducting state) or
QL 6= Q. With the typical transmission configuration, one has,
the skin depth (in the normal state), one has the important
Q = QL (1 + β1 + β2 ), where β1,2 < 1 are the coupling coeffiapproximate relation [5]:
cients. In practice, depending on the setup it may prove useful to reduce coupling to a minimum, in order to approximate
ρ̃
Zs ≃ Zs, f ilm =
(1) QL ≃ Q, or to separately calculate or measure β1,2 .
ts
Q and ν0 are related to Zs by the equations [19]:
Thus, in sufficiently thin samples one has direct access to the
1
Rs Rm
complex resistivity, a material parameter of paramount impor(2)
=
+
+ η tan δε
Q Gs Gm
tance in the characterization of superconductors.
Many experimental techniques have been developed for the
∆ν0
∆ε ′
∆Xs ∆Xm
−2
=
+
+ η ′r
(3)
study of superconductors [6]. In general, resonant techniques
ν0
Gs
Gm
εr
are more accurate than nonresonant methods [7, 8, 9, 10, 11,
12, 13]. While the ultimate sensitivity is obtained with super- where ∆A = A(x) − A(xre f ) is the variation of the quantity A
conducting cavities [14], this method is definitely not feasi- with respect to some reference value A(xre f ) when a physical
ble when the sample has to be characterized under a dc mag- parameter x is varied (e.g., the temperature T or the external
netic field. In this case, metallic cavities [15] or dielectric dc magnetic field H). The geometrical factors are related to
resonators in low-indices [16, 17, 18, 19] as well as in whis- the various surfaces of the resonator (Gs,m ) [4] or to the ratio
pering gallery modes [20, 21, 22, 23] can be used. Dielec- of the energy stored in the dielectric and in the empty space
tric resonators exhibit increased sensitivity, and more com- of the resonator (η , with η ≈ 1). One should note that no abpact dimensions. Their advantage resides in the capability of solute measurement of Xs is possible, unless a reference value
measuring unpatterned thin films, using the so called surface is either assumed or separately measured or derived.
perturbation method [24, 25]: the sample substitutes part of a
The measurement of Zs in a cryogenic environment
metallic wall, thus contributing to dissipation (resistance) and presents some typical difficulties. In particular, the contrienergy storage (reactance) in the resonator. By measuring the bution of the transmission lines cannot be easily calibrated: it
1. I NTRODUCTION
INCE the early times [1], the characterization at microwave
frequencies of superconducting materials has been a
topic of diffuse interest, due to its fundamental as well as technological importance [2, 3]. Aim of this paper is to contribute
to this topic, by presenting two dielectric resonators operating
at low temperature and in high magnetic field.
The physical quantity which is experimentally accessible is
the surface impedance Zs = Rs + iXs = Ek /hk [4]. In the local
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is almost impossible to replicate the thermal profile along the
line in different measurement runs. Moreover, the low losses
of superconductors make the choice of the dielectric critical.
We discuss in Sec.2 the main factors affecting the quality of
the measurements, and in Sec.3 the results of the practically
obtained resonators, before concluding in Sec.4.

Calibration of the resonator — The contribution of the
metal and dielectric parts of the resonator to the overall Q and
∆ν0 can be subtracted with the following procedure.
First, at the temperatures of interest Qomg and
∆ν0,omg /ν0,omg are measured, with the sample substituted
by a metal piece of the same material than the body of the
cavity (same Zm ). This configuration is called “homogeneous
configuration”.
One then gets, from (2) and (3):
2. M ETHODS


In this Section we exploit the various quality indicators of the
1
1
1
+ η tan δε
= Rm
+
(6)
measurements, for a proper choice of the materials of the resQomg
Gs Gm


onators.
∆ν0,omg
1
∆ε ′
1
Sensitivity, accuracy — We focus on the measurement of
= ∆Xm
+
+ η ′r
−2
(7)
ν0,omg
Gs Gm
εr
Rs . However, most of the arguments apply also to ∆Xs : Equations (2) and (3) show that the same geometrical factors are
With a very low loss dielectric, η tan δε can be neglected in
involved, in a very similar way. From (2) and (3) one finds
(2) and (6) and Rm can be derived, as a function of T , from (6)
the sensitivity and accuracy for Rs :
(otherwise, independent measurements of tan δε are required
[20, 26, 27]). However, in general in ∆Xs the contribution of
1 2
∂Q
= − Q
(4) the dielectric cannot be neglected, since ε ′ changes appreciar
∂ Rs
G
" s
bly
with
T
.
This
drawback
can
be
circumvented
by assuming
2
δ Rs
δQ 2
Gs Rm Gs
∆Xm = ∆Rm (Hagen-Rubens limit, usually fulfilled in Cu at
+ η tan δε
1+
=
Rs
Rs Gm Rs
Q
microwave frequencies) in (7).
!


When the subject of interest are the variations with the
2
2
2
2
δ Gs
δ Rm
δ Gm
Gs Rm
static magnetic field H at fixed T , Zs (H, T ) − Zs (0, T ), no
+
+
+
Gs
Rs Gm
Rm
Gm
calibration is needed and the accuracy improves noticeably.
!# 1
From (2) and (3) one gets:
2

2
δη 2
δ tan δε 2
Gs
(5)
+
η tan δε
+
Rs
η
tan δε


1
1
(8)
−
Rs (H, T ) − Rs (0, T ) = Gs
Q(H, T ) Q(H, 0)
Thus, to maximize the sensitivity one needs high Q and small
Gs . By an electromagnetic analysis, one finds that the sample
ν0 (H, T ) − ν0 (H, 0)
Xs (H, T ) − Xs (0, T ) = −2Gs
(9)
must be placed where microwave currents are at their maxiν0 (H, 0)
mum.
Measurement of the response of the resonator — A
Taking into account that the uncertainty on the loss tangent
is usually large (|δ tan δε / tan δε | & 10% [20]), (5) requires the transmission-operated resonator can be characterized by meause of very low loss dielectrics, together with low Rm metals suring the scattering coefficient S21 (ν ), which in the ideal
case reads [28, 29]:
for the resonator.
One should note that the uncertainty in the geometrical facS21 (ν0 )
tors Gs,m and η do not add to the random error. Instead, they
(10)
S21 (ν ) =
ν0
1
+
2iQL ν −
contribute to a systematic error. We will see that in fieldν0
dependent measurement such uncertainty plays a very minor
p
role. By contrast, an accurate determination of Q is manda- where S21 (ν0 ) = 2 β1 β2 /(1+ β1 + β2 ) (we neglect the effect
tory, since it is the main source of uncertainty in the determi- of the coupling on the resonant frequency). Equation (10) can
be written in canonical form as S21 (ν ) = (a1t + a2 )/(a3t + 1),
nation of Rs .
Repeatibility, precision — Operation in a cryogenic envi- with t = (ν − ν0 )/ν0 .
ronment requires that the assembly must compensate the ther|S21 (ν )|2 describes a lorentzian curve as a function of
mal stresses and thermal compression and expansion. Thus, ν . S21 describes a circle in the complex plane {Re(S21 ),
appropriate springs, elastic from below 4 K up to room tem- Im(S21 )}. From S21 (ν ), Q and ν0 can be obtained by means
perature, must be used. Since operation in a magnetic field (up of several methods [28, 29]. The measured transmission
to 10 T) is required, Beryllium or phosphor bronze are typi- coefficient S21,m (ν ) includes all nonidealities of the transcal materials. The frequency stability of the excitation is an- mission lines (cables, waveguides introduce phase delay and
other critical point. Appropriate thermalization of the source losses), of the couplers (losses, cross-talk), and noise, so that
(over several hours) can bring the frequency stability to the S21,m (ν ) 6= S21 (ν ). Moreover, in cryogenic measurements
expected values (10−3 ppm in a typical research-grade Vector there is no way to calibrate precisely such effects. HowNetwork Analyzer - VNA). This point is crucial for accurate ever, typical (good) transmission lines contribute mainly with
a complex transmission coefficient α (ν ), so that one can write
measurements of ∆Xs (equation (3)).
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Fig. 1: (a) sketch of a typical dielectric resonator. Coupling loops are
depicted, as realized in the 8 GHz resonator. The circular geometry
of the current density J on the sample is shown; (b) drawing of the 8
GHz resonator.

S21,m (ν ) = α (ν )S21 (ν ). This feature will prove useful in the
fitting of the experimental data.
Since fitting is required in order to get the values for Q and
ν0 , in the following we will give the uncertainty related to the
fit in terms of the standard uncertainty, i.e. the square root
of the diagonal elements of the covariance matrix of the fit
parameters [30].
Design of the resonators — The Hakki-Coleman geometry [31] (Figure 1(a)) is used for the resonators here described. The dielectric rod is sandwiched between two conducting bases. The resonator operates in the TE011 mode, with
circular, planar currents induced on the conducting bases. Planar currents are essential when investigating cuprate superconductors: their extreme anisotropy would introduce very
significant uncertainties if some perpendicular current were
present. This geometry is here chosen to measure single samples for research purposes. This choice requires that one of
the bases remain of normal conductor, so that Gm ∼ Gs (the
lateral walls contribute negligibly to the losses)1 . One has
typically Q ∼ 104 , with sensitivity 0.5 − 1 mΩ.
The request for reduction of the losses suggests the use of
oxygen free high conductivity (OFHC) Cu for the metal enclosure, with [33] at 10 GHz: Rm < 15 mΩ for T < 80 K and
Rm < 1.5 mΩ for T < 20 K.
The request for very small tan δε requires the use of single crystals (differently from, e.g., telecommunication dielectric resonator filters [34]). Strong confinement of the electromagnetic field, which implies a reduction of the losses on
the lateral wall and a more compact design, requires large εr′ .
Thus, the choice of the dielectric is limited to sapphire, Al2 O3 ,
with εr′ ≃ 9 and tan δε < 10−7 for T <80 K, and rutile, TiO2 ,
with εr′ ≃ 120 and tan δε < 10−6 for T <20 K [35]. Thus, care
must be taken in the use of rutile at temperatures above 20 K.
Both materials are uniaxially anisotropic (the value given for
1 This geometry is used also to measure pairs of similar films place on
both bases. One then has Gm → 0, and the accuracy reaches values ±30µ Ω
at 18 GHz [32]. However, only the average response of the two samples is
measured, that can be unacceptable in several cases.
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Fig. 2: Inset: frequency response of the 48 GHz dielectric resonator operating in transmission. The experimental curve (gray
line) is fitted to a lorentzian curve (black line), with parameters:
ν0 = (47.572041 ± 0.000001) GHz , QL = 11860 ± 20. Main panel:
QL (T ) and ν0 (T ) for a YBa2 Cu3 O7−x film, showing the superconducting transition.

εr′ refers to the plane perpendicular to the anisotropy axis, of
interest here). At low temperature, tan δε strongly depends on
impurities, so that each single crystal needs to be characterized.
In the following Section we describe the realization, the
setup and operation of two resonators, operating at 48 GHz
and 8 GHz, respectively. Since both have typical values Q ∼
104 when the sample is superconducting, the uncertainty in
the determination of Q is ∼ 0.5 − 1%. We also calculated in
both cases Gs ∼ 103 , whence the sensitivity (4) δ Rs ∼ 0.5 −
1 mΩ. We note that below Q ∼ 103 the sensitivity decreases
.
noticeably, and reliable measurements are confined to Rmax
s
3 Ω (three orders of magnitude dynamics). This is sufficient
to describe most of the superconducting transition in films.
Analogous sensitivity ∼ 1 mΩ is obtained in the reactance,
∆Xs . As a consequence, one needs frequency resolution .
100 Hz, within the capabilities of a typical VNA.
3.

R ESULTS

48 GHz resonator — The high operating frequency (to our
knowledge, this is the dielectric resonator operating at the
highest frequency for the characterization of superconductors)
directly brings reduced dimensions. Thus, we could choose
sapphire as a dielectric. The sapphire rod has dimensions:
h = (2.918±0.002) mm (height), Ddiel = (1.748±0.004) mm
(diameter). The metal enclosure has a diameter Dris = 9 mm.
The use of sapphire allows operation up to ambient temperature. The cryostat operates down to 50 K.
This resonator is a modification of a reflection-mode resonator [19]. An important consequence of the transmission
measurement resides in that very small coupling coefficient
can be used: β1,2 . 0.5%. This allows, contrary to reflection measurements, to assume Q ≃ QL , and there is no need
to measure the absolute value of S21 . A synthesized source
and crystal detectors were used, and typical resonance curves
were obtained from measurements of |S21 | as reported in the
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From measurements of Q and ν0 as a function of the temperature, one obtains several useful information. In fact, the
microwave technique is powerful in the identification of spurious or additional superconducting phases: since the electromagnetic field penetrates in the full body of the superconductor (in thin films), additional superconducting phases would
appear as more or less rounded “steplike” transitions, as opposed to dc measurements where the first appearance of a percolative superconducting path between the electrodes would
completely mask the behaviour below that temperature.
A first example is reported in Figure 2: we show the microwave response of a thin YBa2 Cu3 O7−x , high-Tc superconducting film, grown on a SrTiO3 substrate. From the temperature dependence of Q and ν0 we identified the transition
temperature Tc = 90.5 K. The inspection of Q(T ) and ν0 (T )
clearly shows a regular superconducting transition, with no
traces of multiphase superconductivity. The second example concerns a Tl2 Ba2 CaCu2 O8+x thin film, grown on CeO2
buffered sapphire. From Q(T ) and ν0 (T ) we identified the
transition temperature Tc = 103.6 K. Figure 3(a) clearly shows
that our sample is single-phase. This sample presents a strong
dissipation in a magnetic field, that can be used to exemplify
the dynamic range of the present resonator. We made use of
the fact that the penetration depth in Tl2 Ba2 CaCu2 O8+x is estimated to be ∼250 nm. We then exploited (1) and (8) to derive the magnetic-field-induced increase of the real part of the
complex resistivity. The increase of the dissipation is due to
the motion of quantized vortices (“fluxons”) [36]. The study
of such structures is obviously of essential importance for the
applications, and due to the peculiar physics of high-Tc superconductors has given rise to a branch of the study of superconductors by itself (“Vortex matter” [37]). In Figure 3(b)
and 3(c), it can be seen that the microwave technique here reported allows for the determination of changes in resistivity
with resolution better than 0.02 µ Ωcm, with a dynamic range
over three decades.
8 GHz resonator — This resonator has been explicitly designed to work at relatively low frequency in conventional superconductors. In fact, in a magnetic field a superconductor
exhibits a characteristic frequency for the motion of fluxons,
which is below 1 GHz in conventional superconductors [38].
Thus, to have extensive information on the motion of fluxons
one needs to operate at frequencies not too high.
As a consequence of the requirement of relatively low operating frequency, high-permittivity rutile has been chosen for
the dielectric rod. Since we are dealing with conventional
superconductors, the operating temperature is well below 20
K, so that dielectric losses are not significant. The dimensions of the rod are: height h = (2.73 ± 0.01) mm, diameter
Ddiel = (3.90 ± 0.05) mm. The dielectric is enclosed by a Cu
OFHC screen. Measurements down to 3 K and up to 10 T are
feasible. For what concerns the field-sweeps measurements,
we found that temperature stabilization within 1 mK was required, in order to avoid drifts of the resonant frequency.
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Fig. 3: (a) Q and ν0 vs. T for a thin (ts =240 nm) Tl2 Ba2 CaCu2 O8+x
film, measured at 48 GHz. (b) Magnetic-field-induced variation of
Re(ρ̃ ) at fixed T . The enlargement (c) allows to appreciate the sensitivity and the dynamic range.

A VNA (Anritsu) allowed measurements of S21,m . As a
consequence, we could derive Q and ν0 both by means of
lorentzian fits of |S21,m |, analogously to the 48 GHz resonator,
and by fits of S21,m in the complex plane [28, 29]. Figure 4
shows an example of lorentzian fit, an example of ideal and
nonideal resonance curves in the complex plane, and an example of experimental complex-plane circles, as raw data and
after the data conditioning proposed in the following.
We note that the complex-plane fit is particularly suitable
to compensate and reduce the contribution of nonidealities in
S21,m : cross-talk and noise are easily removed by this kind of
data analysis. In particular, cross-talk only shifts the center
of the circle, leaving the estimate of the resonance parameters unaffected once this effect is taken into account. By contrast, the lorentzian curve may acquire a substantial asymmetry when cross-talk is present, up to the level that the fit is
completely unreliable. However, the complex transmission
coefficient of the line α can severely affect S21,m . In particular, the phase delay can change the shape of S21,m in the complex plane. Since the phase delay depends on the temperature
and on temperature gradients, reliable measurements are often
obtained only after a long, time-consuming adjustment of the
thermal conditions. Clearly, a removal of the effects of phase
delay is desirable.
It has been proposed [39, 40] to exploit simultaneous measurements of the three complex scattering coefficients S11,m ,
S22,m and S21,m . This method requires appreciable coupling
coefficients, and as such it can be useful with relatively large
β1,2 . Uncertainties <0.1% for Q ≥ 106 are possible [41].
Seeking for a more general approach, we have developed
and we describe in the following a procedure to remove the
phase contribution in situ, irrespective of the coupling, when
within reasonable limits. The attenuation given by the trans-
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Fig. 5: (a) Q and ν0 vs. T for a thin (ts =30 nm) Nb film, measured
at 8 GHz. (b) Magnetic-field-induced variation of Re(ρ̃ ) at fixed
T . The enlargement (c) allows to appreciate the sensitivity and the
dynamic range.
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Fig. 4: (a) |S21,m |2 measured with the 8 GHz resonator, and
lorentzian fit, with parameters: ν0 = (8.2146855 ± 0.0000003) GHz,
QL = 9360 ± 20; (b) resonance circles in the complex plane S21,m
calculated in the ideal case (continuous line), and with a phase delay (dashed line); parameters of the simulation: Q = 9000, ν0 = 8.2
GHz; (c) measurements of S21,m with the 8 GHz resonator (crosses:
raw data; open circles: data with compensation of the phase delay),
and fit with the theoretical expression (continuous line), with parameters QL = 9370 ± 20, ν0 = (8.2146705 ± 0.0000002) GHz.

mission lines, |α | (we neglect the frequency dependence:
high QL values imply narrow frequency ranges), affects only
S21 (ν0 ) (10), hence only the determination of β1,2 . While |α |
has no effect on the determination of QL , the phase arg(α )
cannot be neglected and it may have a dramatic effect. As
an example, in Figure 4(b) we have reported as a continuous line the ideal circle, calculated with (10), with parameters
S21 (ν0 ) = 0.02, ν0 = 8.2 GHz and QL = 9000 and negligible
coupling; to the same circle we added a phase contribution
exp(iγν ) (contribution of a transmission line), and the result
is plotted as a dashed line. We concentrate here on the important role of the phase delay: as it can be seen, it completely
distorts the response. The ideal circle undergoes to strong
changes: it is rotated in the complex plane, and close to the
origin it describes several characteristic “nodes”. A blind fit
would be very unreliable, as well as the addition of several parameters to take into account the nonidealities. We opted for
a direct removal of the phase contribution from the raw data,
as we show in the following.
Let S21,m be the measured scattering coefficient for a
resonator as in Figure 4(a), with uncalibrated transmission
lines. Far from the resonance, we experimentally verified
arg(S21,m ) ∝ ν , according to the theory of transmission lines
[4]. Thus, we reconstruct arg(α ) = a + bν by measuring
arg(S21,m ) far enough from ν0 . We note that at ν0 , arg(S21,m )
has a step. However, the removal of the transmission line
phase must include only data where the phase is linear with

ν . This is accomplished by evaluating the linear regression
coefficient by progressively removing more data around ν0 ,
until it stops changing. This procedure is adopted separately
on both sides of ν0 , with the constraint that the slope b is the
same. Once the spurious contribution is obtained, it can be
subtracted from S21,m . This procedure can be applied in real
time, with obvious time saving in the measurements.
In Figure 4(c) we report a typical experimental measurement of S21,m , taken at 4.70 K in the range 8.49–8.51 GHz
with the resonator loaded with a superconducting Nb film
[42]. The raw data (crosses) clearly describe a misshaped,
asymmetric circle, with spurious “nodes” in the origin, originating from the uncalibrated phase contribution. By applying the procedure described above the circle rotates and the
“nodes” in the origin are removed, giving a well-shaped circle
(open symbols). The fit (continuous line) is of good quality.
Most important, the procedure allows for the direct identification and removal of the phase contributions to measuring
errors. We conclude that the complex plane fit can be routinely performed, with a direct subtraction from the data of
the phase contribution of uncalibrated lines.
In Figure 5 we report examples of measurements taken on
a thin (ts = 30 nm) Nb film, similarly to the measurements
reported at 48 GHz in Tl2 Ba2 CaCu2 O8+x . We obtain here
Tc = 7.40 K. This resonator exhibits (Figure 5b) a similar sensitivity to the 48 GHz resonator, showing that at low temperatures rutile can be used safely instead of sapphire.

4.

C ONCLUSIONS

In this work we have briefly reviewed the application of the
dielectric resonator technique to the measurements of the surface impedance in low loss, superconducting planar materials.
We have presented the design and realization of two dielectric
resonators, different for the frequency range and the dielectric properties. We have introduced the circle fit method, and
we have shown that it allows to remove the important phase
delay contribution to transmission measurements. Finally, we
have demonstrated the operation of the resonators by presenting sample measurements in high-Tc and conventional superconductors.
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