MEASUREMENT SCIENCE REVIEW, 22, (2022), No. 1, 17-31

S sciendo

ISSN 1335-8871

MEASUREMENT SCIENCE REVIEW

Journal homepage: https://content.sciendo.com

Design of Distributed Fusion Predictor and Filter without
Feedback for Nonlinear System with Correlated Noises and

Random Parameter Matrices

Man-lu Liu'?, Rui Lin?, Jian-wen Huo®*, Li-guo Tan>*, Qing Ling', Eugene Yuryevich Zybin*

I School of Information Science and Technology, University of Science and Technology of China, Hefei 230026, China
2 School of Information Engineering, Southwest University of Science and Technology, Mianyang 621010, China

3 Research Center of Basic Space Science, Harbin Institute of Technology, Harbin 150001, China

# State Research Institute of Aviation Systems (GosNIIAS), Moscow 125319, Russia

*Corresponding author: huojianwen2008@hotmail.com, tanliguo@hit.edu.cn

This work presents distributed predictor and filter without feedback for nonlinear stochastic uncertain system with correlated noises. Firstly,
for the problem that the process noise and measurement noise are correlated, the two-step prediction theorem based on projection theorem
is used to replace the one-step prediction theorem, and the two-step prediction value of a single sensor is obtained. Secondly, the two-step
prediction value of each sensor state is used as the measurement information to modify the distributed fusion predictor to obtain the
distributed fusion prediction value. Then, according to the projection theorem, the prediction value of distributed fusion is used as
measurement information to modify the filtering value of distributed fusion. Finally, the Cubature Kalman filter (CKF) algorithm is used to
implement the algorithm proposed in this paper. By comparison with existing methods, the algorithm proposed in this paper solves the
problem that existing methods cannot handle state estimation and prediction problems for nonlinear multi-sensor stochastic uncertain systems

with correlated noises.
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1. INTRODUCTION

In recent years, multi-sensor systems have been widely used
in target tracking and positioning [1]-[2], intelligent
perception [3]-[4], and pattern recognition [5]-[6] because
multi-sensor systems can enhance the robustness of the
system and improve the estimation accuracy of the system
and accompanied by a large number of data processing
algorithms. Multi-sensor data processing algorithms can be
roughly divided into centralized, distributed, and sequential.
Considering that distributed fusion has the advantages of
flexible structure, easy fault isolation, and small amount of
calculation, it has received widespread attention.

According to different fusion criteria, various distributed
fusion algorithms have been formed. Literature [7]-[8]
designed a federated filter based on information distribution
criteria, which also has the advantages of distributed and
centralized fusion. Literature [9] gives the structure of the
federated filter including the main filter. However, the
federated filter involves weight distribution problems.
Literature [10]-[12] carried out weighted fusion algorithm
design according to three different criteria, weighted by
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matrix, weighted by diagonal matrix, and weighted by scalar.
However, the above algorithm needs to calculate the cross-
covariance matrix, which puts forward higher requirements
on the prior information of the system. Therefore, literature
[13] give a new covariance cross fusion algorithm that does
not need to calculate the cross-covariance information.
However, the weight calculation of the covariance
intersection fusion algorithm needs to solve the multi-
dimensional optimization problem. Literature [14] designed a
kind of sequential covariance intersection fusion algorithm
which transforms the multi-dimensional optimization
problem into multiple one-dimensional optimization
problems, which can be solved by the golden section method
or the Fibonacci method [15]. In order to eliminate the
influence of the fusion sequence on the fusion result and
reduce the amount of calculation, literature [16] proposed a
sequence-insensitive covariance intersection-fusion
algorithm, and introduced two fusion methods, namely batch
fusion and sequential fusion. In the past two years, literature
[17] provided a novel data fusion algorithm, which is
different from the previous form of combining and weighting
the corrected measurements of local sensors. Instead, it
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regards the local estimation as measurement information
which is used to modify one-step prediction information.
Modifications, from a formal point of view, are more towards
centralized fusion algorithm processing ideas. Literature [18]
further studied the design of the optimal predictor and filter
with random parameter matrix and related noise for this
method. However, it did not consider the nonlinear situation.

Considering that most of the actual systems are nonlinear
systems, this paper is inspired by literature [18], based on the
minimum mean square error criterion, the distributed fusion
Gaussian predictor and filter design with random parameter
matrix and related noise are studied. The rest of the paper is
organized as follows: Section 2 describes the problem to be
studied, Section 3 introduces the design of the distributed
fusion predictor and filter, Section 4 gives the numerical
implementation of the algorithm, simulation verification is
carried out in Section 5, and the conclusion of this paper is
given in the last section.

2. PROBLEM FORMULATION

Considering the following discrete time nonlinear multi-
sensor stochastic uncertain systems:

Xe41 :ci)kf(xk)+fkwk (1)

v =HK (x,)+Dv,i=1-N ?)

where x, € R" is the system state; y,i eR™,i=1,---,N is

the measurement of multi-sensors; @, € R" is the system
i S; .

v,eR"i=1--N

Q. H ;,D,i are the correlated stochastic parameter

noise; is the sensor noise;

matrices with suitable dimensions at k£ epoch; N is the
number of sensors; Superscripti represents the jth sensor.

r

Assumption 1: Stochastic parameter matrices @, , s

H ,i and 13,’( ,i=1,---N are correlated with each other at
the same epoch and are independent of system noise @), and

U,i , i=1,---N .They satisfy the following statistical

properties:
E[®, |=® E[T,|=T,.E[H] |=H,
E[D]-DiE[MiG =15, ©
M.G = &,F, /1%, D

where M 7 and (ﬁ?f” represent the element at (i, i ) and

(S,u)in M . and él , respectively.
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Assumption 2: @, and U,i,i=1,---,N are correlated

white noise and satisfied with

Sj

[0 \T k k

ool e oo
Uk (Sk) Rkj

Define M, =M,-M,,M =®,T,H,D , then

y Y T AT MG (6
E[M]=0 . Define E[ M, 0,;G| |=Q}° (q[") .
where, 6, and7), are independent with M i and G , and
we have ¢ = E[@kﬂg] :

Notes: Derivating the matrix trace yields

atr(ZE) _ atr(_EZ)

oA o D
8tr(ZT§)_6rr(EZT)_
o4 __ o4
azr(A_TBA) T
o4
orl454')_ 5. a5

0A
sensor noises are refactored
i=1,---,N, and (1) and (2) are

The system and as
W, =T'o, +T' 0,

rewritten as

Xy =0 f (x,)+ D, f(x,)+W, (5)
v =HH (x )+ HH (x)+V,i=1 N (6
The refactored noises are satisfied as:
E[W]=0.E[ V] ]=0
o =E[mw! |=00,+T, 0T}
R = E[Vk (7 )T} ~Q?” R+ ()

s :E[Wk(V,j)T}zQzﬁS,i +1,8 (D)

3. DESIGN OF DISTRIBUTED FUSION PREDICTOR AND FILTER

The flowchart of the proposed algorithm for a two-sensor
scenario is shown as follows:
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Fig.1. The data processing flowchart for two-sensor scenario.

Lemma 1: The local predictor is designed as

x/iﬂ\k = xliﬂ\k 1 K:+y1 Kfe-1€ ®)
Kk+1 e e k\k I(Qk ) ©)
where,
‘/I:/iﬂ\/c =Bl | Y/:A]
= B(®,f(x,)+ & f(z,)+ W, Y]
:quff(xk)Nfdxk
(10)

where, Yki_1 =L { yli >ttty y,i{_l} represents the space formed
Pl

by the elements in [, and N/ =N(xk;x,i‘k 1o Bl

M k-1 =B T — f”2+1k1)(@/2 B y;izu) ‘Y;J
(q)kf (:Elikl) + Ckaf (xk) +W, )
=F
(Hh(MJ+HM()+W)V
:q)kEf kkl( kkl) K:l
QB f(z) (W () vy l + 8"
=&, ff I;;kl)(iil (x;kl ) Nldafk (le)T

(hi ("Tk))T Ndz, + S;w'f

+ " [ (=)

(11)
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where, f~(x/ic\k—1):f(xk)_f(x/ic\k—l)'
h~i(x,if‘k_l)zhi(xk)—hi(x,i‘k_l) According to the
definition of error, we have
LTy — x;ﬂ\k
= f(z,)+®,f(z,)
W ®f(xkk1 ~ K klli
= (I)lj (xiikl) + (I)kf (%) + W,
o k+1k\k 1(Hh ( k\k 1 +F]/ihi (:L‘ )_‘_sz)
= ((Dkf($;k1 o . 1H ' ( k\k 1 )
+ ((i)kf (xk) B Klifl:k‘k—lﬁ/:hi (Ik>)
(W T’I ‘/]:)
(12)

Considering that the three items in the brackets in (12) are
not correlated to each other, there are

T
z'z! i J i j
Pk+1\ =Bz, _karl‘k L _xk+1‘k ‘Yk’y \ (13)
=V U, + 0,
where,
((I)kf k\k 1 k+1k\k 1H h ( k\k 1 )
=FE T
((I)k k\k 1) k+1k\k 1HJhJ( k\k 1))
_ j T
_(I)E ( k\kl) ( ;‘k—l)cb“
, T
+Kk+1A\A 1H E h \k -1 ( \k 1 ) ls+11k‘k 1Hj)
k+1 k\k 1 k\k 1 (f k\k 1 )
- F f( ‘k 1 ( \k 1)) Kk:u\k 1 )
(14)
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(Ci) f(:c ) K H (:L“ ) Taking ¥,%¥,,¥; into (13) yields the one-step
v —F k k E+LAE-1k k prediction covariance. Then, taking (10), (11) into (8), (9)
2 & Sy i T yields the mean of the one-step prediction.
kf (xk) - k1 k-1 (:Bk) Next, using the local one-step prediction to modify the prior
_ QééE f <x )fT (x )} information of the fusion center, let Xk+1 =eX,,, . Then, we
' ]: _ y can get the one-step prediction
z'y QH ‘I)kE B T
_ Sl (xk f xk> v X v T
_ T =|T T and the one-step prediction
& i ; T . h 1)k R p p
—Q [E f(xk (h] (a:k)) ] v ) .
T error X =z, —z cex, —a of
z'y’ HAI i j 2y k+1lk k+1 E+k? 7k k41l
+ Q Elh (%)(h < k)) ](Kk+lkk 1) | | |
(15) Xk+1 ’
Theorem 1: For the system (5) and (6), based on the
assumption 1 and 2, the distributed optimal fusion predictor
(m — k+1 k‘k IV’) is designed as follows:
\113 — E T
W, — K Vf) P /
( ket ’*\" L xkﬂ\k k+1\k 1 +L Xk+1\k exkﬂ\k 1
) o T N (18)
— ww_ QwV? 'y’ 16 _
Qk Sk (Kk+1,kk1) (16) - (In 416 )(I) f( Kk 1) k+1Xk+1\k
T
z'y' vivi 'y’
+ R ( k+1,kk1) T
~/'
K ‘ ( SWW )T Pkﬂ\k Bz k+1\ $k+1k) ‘YJ
ELRE—1 \ "k
®E fr ) o7
where, _ (I . L;me) f k\k 1 f k\/g 1
n I T ww
I | +HE|f (@) (=) + @
B f(xl )fT(xﬂ )Yl Y’
k-1 Kle—1 )| k=177 k-1 _ T
| | 17) X( n Lk,+1e) + L k+1\k k+1 +A+A
s ~ . T
- i T k k 19
= ff(:vkkl)f (Q:Zkl)NQd . (19)
k
. (A+B+Q"e" - D)
where =
e+1 _2{0 4 QZVW}GT
i Pxx Px ix/ T T\~
. {xk} Xyjact K-t ke eA + (eA) + Be + (Be) (20)
2 | i \T v | T
X, xk‘k_1 (Pk\k 1) Pk\k 1 X +[eQWWeT —eD — (eD) ]
T
E |: g ( gz) |771,772J representing g, is on the condition —eCe’ kﬂ‘k

and is on the condition and represent . .
h & > 9 & Tep The proof process of the above three formulas is shown in

nonlinear functions, 77, and 77, represent the obtained Appendix 1.
Lemma 2: For systems (5) and (6), innovation and its

measurement. For the 7th sensor, the initial values are .
covariance are calculated as follows:

taken as xo\ L= M R)Xl

21
The other expected terms in equations (14) - (16) are the el =y —y @0
same as the linear space of formula (17), so the probability e e ki
density function will not be repeated here. where,

20
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yii+1\k:E yli+1 ‘Yk}
=E [Hiﬂhi ( k+1) + HZHM (xkﬂ)
= H

i k+1
k+1fh $k+1>N1 dxkﬂ

+V;

k41

]

(22)

. .. .o
For simplicity, rewrite €, | as

_H;HH (karl) + H;Hhi (karl)
DA A

k+1
- HI:HhZ ( k+1k) + HI:HM (zkﬂ)

(23)

+ V!

k+1

Then,

i

Q:H =FE

i (et
”@#J@@@Jﬂw
(o) (0 )
VLRI R

_H7

k+1

E

+ QII IIZE

k41

_H7

k+1

| [0 (o ) (o)) ;| R
(24)
The innovation covariance is calculated as follows:
Q= Blelufel)
~. . ~ . . T . .
H12+1E h' (x;Hk)(hJ (:I;Iiﬂ‘k )) k’Y;c] (HIZH)
QT B\ (o, ) (0 (o) 2|+ B
~. . ~ . . T
= H1j+1 fhl ($Z:+1k)(h] (:EAJ+1\I« )) N2k+1d . (Hljﬂ)T
25
RO [ )0 (o) Y
(25)

Lemma 3: For systems (5) and (6), the local filter is
designed as follows:

21

i i T

xkﬂ\kﬂ - xkﬂ\k + Kk-+1\kek+1 (26)
z'y z'y e' -t
Kk+l‘k_Pk+l‘k (Qk+1> 27)
where,
. B . T .
_E (‘Tkﬂ - zéﬂ/c)(ykﬂ - yk+1k) Y
~ T
_ 1 k+1 k+1k i
=E (karl - xk+1k) i w | " ‘Yk
+ k+1 < k+1) + k+1
=E xéﬂ\k (h (mkﬁk )) Yk <Hk+1)

(28)

The covariance is calculated as

(‘Tkﬂ B /c+1\1c Kk+1\k kH)
'z _
- i T
ol o 'y 4 i
($k+1 xkﬂ\k, k+1kek+1) Yk
1,1 1,0 T 1.0 T
_ 'z _ T'e Ty 'y’ T'e
Bfﬂ‘k ( k+1k) k+1‘/€ (P- )

T
'y’ i z'y’
+ /c+1\ka+1 ( k+1k)

(29)

.\l
Considering K> ol = })k)ir{\k (Q,f +1) , one can obtain

dy oy .

kR k+1\ka+1 (30)

Take the above formula into the covariance matrix to get:

_ _ Ty 4
ny Ty k+1\k Kk+1\k k+1)
rr
ot _ T J 4 i 1
Ly zk+1\k k+1\k k+1) ‘Y (1)
fI,'].’L'] K.’Lﬂyi (ii K.’Lﬂyi T
ki k+1\ka+l k+1Jk

The cross-covariance matrix is calculated as follows
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ol _ gty i
gl ($k+1 xml\k K k+1kek+1)
kle+1 -
T — k+1\A Kk+1‘k k1 k?Y;
T T
— pr a'y’ oy gy y’
k+1‘/c kle \ 7 ke k1l \ ™ K1)k
i i] i T
Ty ee z'y
+ 1c+1\ka+1 ( k+1k)
(32)
where,
i j . . . T . .
Ty _ 7 7 _ 7 i J
k+ﬂk“la (a%+1 a%+1k)(yk+1 yk+1k) ‘y;>}2
B T
J J 7
— i HkJrlh xk+1‘ + H
=Fl|z —x
k+1 k1Jk b Vi
k+1 ( k+1> + k+1
B T
_ ~i j ]
=k xkﬂ\k (h ($k+lk)) (Hk+1)
T X
— ~i ~.j k+1 k+1 J
o kaﬂ\k (h (karlk)) N2 d T (HkJrl)
k41

(33)

13: ‘k can be obtained similar to the solving process of

v
ke+llk
Theorem 2: For systems (5) and (6), the corrected state is
calculated as follows:

f _ f
$k+l‘k+1 - k+1‘/€ + L (Xk+1k+1 6xk+1\k
= (In - Lk+1 ) k+1\k + L U7 k41
(34)
f f f !
k1]k+1 - xkﬂ\k,ﬂ xk+1k+1) ‘Yk-‘rl
T
- E[(([ LA+16) k+1‘A +L Xk+1k+1)( )
f
(I Lk+1e)P+1\A ([ Lk+1e)
WX T T
+ (Iz Lk+1€) k]l k+1 k+1( )
T
+ L k+1\k+1Lk+1

(35)
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o ;T pix
Lk+1 - (P1c+lke P~ 3 )
f T -
f T 2 ' X T —
eP +1\k eP +1\k k+1 (Es:+1k,k+l ) e + “k+1\k+1

(36)

The proof process of the above three formulas is shown in
Appendix 2.

4. THE NUMERICAL REALIZATION

In order to facilitate computer simulation, according to the
design process of predictors and filters in Appendix 1 and
Appendix 2, based on the third-order spherical-radial rule, the
numerical implementation format is given as follows.

Design of local predictor :

Assuming the information at k£ —1 epoch is known, let

T, i o
n, = /;_\k—l T = klkal klkxl 37
xk‘k_l (Pkk 1) Pk‘k 1
1) Factorize
A : N
kl\k—l = Ok ( k\k—l) (38)
_ T
I, =MM, (39)
2) Evaluate the cubature points
X = Shbr+ Xl o1 =1,2,0,2(n) - (40)
Zl K
Vl;‘lcll :Mlgz+771>Z=1,2,"',2(n+n) 41
Zk\k—l
3) Propagate the cubature points
Hi f(zk\k 1) [=1,2,-2n (42)
il =il
luk\k 1 f(Zk‘k 1) [= 192,"',2(1’14-1/1) (43)
ﬁéi,l =f(vzf\}f4)al—1,2, -,2(n+n) (44)
V%4_h%fﬁ4%l=Ll~y2@+n) (45)
s =W () 1 =12,,2(n+ 46
O-k\k—l Zk\k,l > syttt L\ T (46)



4) Calculate the local prediction mean and covariance

Let

xi
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o[

k+ife-1
1 A 0 u Y
o= 2(n+n)zﬂkk1( k\kl)
B 1 2(n+n) L
- 2(n+n) ; kfe—1
2o+
1
2<n-+-n) ;; %1
oy AT
kiﬁ,k‘k—l = (I)k- (a - ﬁXT)(Hk)
+QMa + 8
n+n T
(n+n) ; ﬁ:\i 1(ﬂk\k 1)
1 2(n-+n) »
k= Q(n + n) ; 'uk‘l.:—l
1 2(n+n) » » T
A= 2(n + n) ; ak‘k—l (Uk‘k—l)
. 1 2(n-+n) »
X = 2(n+n) ; Uk‘k—l
U
V:2(n+n); ki~ 1(ﬂk‘k 1)
n+n T
_
(n+n) — 'ux\z 1( k\k 1)
U, =@, (e—Br" 0]

_ iy T
+K::1L‘A 1 11()‘ 7X>2T) K;ﬂk\k 1H15)
o Kljjl A lHi ( XHT)q)A»

T
-2, (0 - X" )(KI:erlk\k lHk])

(47)

(43)

(49)

(50)

(5D

(52)

(53)

(54)

(55)

(56)

(57)

(58)
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dd z'y’ H'd
lz - Qk: &€ Kk:l.k‘k—le v
T
_ Q‘PH] (Krf y’ ) (59)
HH/ Yy T
zy T
+ {k— 1Qk )‘(Kkﬂkk 1)
L=Q  +K " RVVJ(K’J )T
3 k k+1k\k -1 k+1k\k ~1 (60)

T T
_Qwv! 'y . wv?
Sk (Kk+1kk 1) k+1 k\k 1(S )

Taking (47) and (51) into (8) and (9), one can get the one-
step prediction mean and gain matrix of local predictor.
Taking (58)-(60) into (13) yields the one-step prediction
covariance matrix.

Design of distributed fusion predictor:

Assuming that the information at £ — 1 epoch is known, let

IfIf zfX
xl{‘k71 kb1 Hik—1
1, = L= (61)
-1 ( kkl) :k‘kq
1) Factorize
T
k\k -1 Sk\k I(Sk\k 1) (62)
_ T
L, = MM, (63)
2) Evaluate the cubature points
Zk/\l;ll_sk\k 1§/+xk‘kl,l—1 2 2(11) (64)
Tl
vk)‘(kll :M2§/+772:l:152,"‘,2(n+}’1*N) (65)
Ik\k—l
3) Propagate the cubature points
i f(}(k\k 1) [=1,2,-2n (66)
— Sl —
k\k -1 h(lk‘k_l)al_l’za“'azn (67)
7] —f
Al _f(}(ﬁk 1) [=1,2,---,2(n+n*N) (68)
ﬁﬁﬂ"f(f@ﬁ%l=L2~32(n+n*AQ (69)
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k\k 1 _h(ﬂ?/f\(kl1) I=12,--,

4) Calculate the mean and covariance after fusion

L= (1= B |5

o]

I
S
TM§

p/ (1 - LMe) X

ke

T

)

+Q<i><i>— + QWW
+ L +A

k+1 k+1\k k+1

7L+71*N

ey )

[\
—

n—+n

7L +

/uk\k 1

Il !
'uk\k 1(/”1«\1« 1)

+ A"

n*N

= e 5 .

7L+n*N

5:—) Z

'n+n*N)

MnrnH) ° 2

A=, (y—&—rT)\Iff

-, (88K )

B = 0¥y — 05 (

2(n+n*N)

1

K

k+1 k\k -1

=X,

‘uk\k 1

— Xl

Z O'k‘kL

¢:2(n+n*N) =

ez R (T

1

1

1l !
'uk\k 1( k\k 1)

)T

2(n+n*N) (70)

k+1\k

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

81

24

C=o (a-pB3")e] +O'a (82)

Taking the values of 4, B,C into A and L, yields the

prediction mean and covariance.
Calculation of innovation:

Assuming the information at k epoch is known, let

. ij,’L‘Z‘ TZT]

l’;‘hl Jk—1 k-1
Ny =1\ ,F3= AT - (83)

i1 ( Hi— 1) Hik-1

1) Factorize
i 1 T
k+1\k Sk+1\k (Sk+1\k) (84)
_ T

T, = MM (85)

2) Evaluate the cubature points

Zli‘il\k = S;’il‘ké’:/ + xli+1\k’l =1,2,,2 (n) (86)

k:rl\k

~i,l
[v. ]:M3§l+773,l:1,2,---,2(n+n) (87)

q
ijﬂ\k
3) Propagate the cubature points
il i il .
O-k+1\k =h (Zk+]‘k))l =1,2,---,2n (88)
=il  _ pif il
Ok =h (Zku\k) [ = 1,2,---,2(n+n) (89)

m\k—h’(m\k)l L2,.2(n+n)  (90)

4) Calculate the innovation and covariance

, , 1 2n .
y;cﬂ\k:H;H [%; leilk]

1 - il il !

Qel _ m ; Ukﬂ\k (Jk+lk)
E+1 T Tk 1 & 1 &N X
o P D% P
[2n k1 ] [2n k+1Jk

2n T
i qHH viyi
(HlsH) Qk+1 [ Zakﬂk( k+1k) ] Rk+1

1)
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The innovation cross-covariance is

2(n+n
L )m Y
<n —l—n) k+1\k k+1\k
QI;+1 Hk+1 2n+n 2(7L+n) X
; TP
| — o’
2n ]Z:; k+1‘k 2n py k+l‘k
pa | 1 e ! c\ Vi
j =i, =7,
(Hk+1) +Qk+1 P Z k+1k( k+1\ ) +Rk+1
2n =
92)
Design of local filter :
. z'z’ 7'’
ke 1
N, = j‘,r4= Yy . (93)
) ) PL T PL xT
ke ( k+1k) k41lk
1) Factorize
i i i T
Pk+1\k k+1\k( k+1\k) 4
_ T
r,=MM (95)
2) Evaluate the cubature points
il i i
X ki =Skﬂ‘kfl+xk+1‘k,1=1,2,~-~,2n (96)
—il
k+1]k
o =M3g,+773,l=1,2,---,2(n+n) 97
7515;1\1(
3) Propagate the cubature points
il _
k+1\k h(;(ku\k)’l =1,2,---,2n (98)
V]’[
Glh =h( 2y ) 1=122(n+n)  99)
4) Calculate the covariance
x“y?‘
1 2n i i T
2 L= Xierte \ T e .y (100)
=17 r|(HL)
1 2n 1 2n k+1
e
o2 k1 o2 & k+1Jk
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2(271

vL.,l — 7l
( ) - 1k (U/m\k
1

)T

z'y’ j T
k+l‘k 2(2!1) 1 2(271) T (Hk‘+l)
il —jl
- X o
2(on )[:1 k1| 2(2n); k1
(101)
Fusion filter design:
f f =X
_ xk+1\k r — k1K K+
' L T poix T (102)
kﬂ‘k k+1\k k+1\k
f 77/7)7
x}f‘k71 Pk\k—l K1
o = | i Te={ 7 (103)
-1 ( kkl) k-1
1) Factorize
_ T
I, = MM, (104)
_ T
Ly = MM (105)
2) Evaluate the cubature points
i+
vkxl,‘k =M, +n5,0=1,2,---,2(n+n*N) (106)
Zkﬂ\k
~ f.l
X
v’;ll\k :Mﬁgl+77§al:1,2,“‘,2(n+n) (107)
k+1]k
3) Propagate the cubature points
5
Ok _h(lkﬂ\k) [=1,2,---,2(n+n*N) (108)
ol — 5/ —
M = f(lm\k),l—1,2,---,2(n+n) (109)
i = F\ 2 ). 1=12,---,2(n+n) (110
e = T\ X |5t =145 en+n (110)
Vl/ =i,
O = h(lkﬂ‘k) [=1,2,--,2(n+n) (11)

4) Calculate the covariance

5) Let(I, — L )=
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n+nN T
= ! 112
H 2<n+nN) lz; Xk+1k( k+1k) (112)
n+nN
U= V“ 113
v 2<n+nN) Zz; Xk+1\k (113)
1 2(n+nN)
0=—F—-— o 114
0 Q(n-l—nN) ; Ukﬂ\k (114)
_ T
w = (n + n) ]z;'ukﬂ\k (ﬂk+1k) (115)
_ 1 2n
0 =——> u" 116
2<n+ n) — k+1\k (116)
9 1l 1 ’
V= (n+n>;ﬂk+1k( k+1k) (117)
1 2n .
0 =—- o" 118
P Q(n—l—n) = k+1\k (118)
&= Z i (g ) (119)
(n + n) — 'ukﬂ\k 'ukﬂ\k
X _ X _(—_—T) Ty H ’ 120
k+1\k,k+1 o k+1\k K — Vo k+1\k~ k41 (120)
— PO, ( 175T)<I>T
k+1\k k
. q —T z'y i T
—'gbCI)k(ﬂ—Vp )( H)
+ o, TP!
. AT (121)
_17[’(1)1@19( L k- 1H/:)
T
AW wv'
+ ’l/)Q ¢S ( k+1 k\k 1)
X'
+ Lk+1Pk+1\k

5. SIMULATION

In order to verify the effectiveness of the proposed
algorithm, a strong nonlinear model is given as follows:

26

z, 3sin’ (539513) 01
T = x/jﬂ = (I)k :I)i + e + 10|+ (0.1 w,
z, 0.2z, (zZ + xl‘j) 0.1
(122)
y =A (cos(:z:,i) + x:x;:’) +u, (123)
= A2 (2} + 2la) ) + 0] (124)
O =T, +¢ dmg([o 01 0.01 0. 01]) (125)
A; =1+0.1¢, (126)
2
A =1+0.3¢, (127)
v =cw, +1, (128)
vl =cw, + 1, (129)
G =08 +, (130)

where @, ,7,,&, and ¥, are uncorrelated Gaussian white

1,0.5,0.1 and 0.3 ,
respectively, and ¢, = 0.5, ¢, = 0.6, b = 1. The initial

noise, and the covariance is

value of state is X, = [—0.7 l]T, and the initial value

of filter is X, = [—0.7 1 I]T,]_JO =1, ;. 30 independent

Monte Carlo simulations are carried out, the
corresponding simulation results are as follows:

and

Error of state

35 40 45

30

10 15 20 25 50

Time step

Fig.2. Error of the state.
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RMSE of state

Time step

Fig.3. RMSE of the state.

x1-true
w=wmem x1-CKF
........... x1-EKF

30 35

20 25 40

x2-true
= x2-CKF
.......... Xx2-EKF

5 15 20 25 30 35 45

\ ’ x3-true

- x3-CKF
........... x3-EKF

30 35 40

40 50

true state and estimate state

25 45

Time step

5 10 15 20 50

Fig.4. Ture state and estimate state.

It can be seen from Fig.2. and Fig.3. that the proposed
algorithm can obtain smaller estimation error and root mean
square error when compared with the algorithm in literature
to a nonlinear system. It is shown that in a nonlinear system,
compared with the conclusion of linear system based on EKF,
the nonlinear filter design is directly carried out for the
nonlinear system. Higher estimation accuracy can be
obtained.

6. CONCLUSION

For the nonlinear multi-sensor system with random
parameter matrix and correlated noise, the local estimation
state is regarded as a measurement and sent to the data
processing center to modify the prior information of the data
processing center. In this paper, the distributed fusion
predictor and filter are derived, and the numerical
implementation of the algorithm based on the third-order
spherical diameter volume rule is given. The simulation
results show that, compared with the EKF algorithm, the
estimator designed for nonlinear systems can achieve higher
estimation accuracy when dealing with nonlinear problems.
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Appendix 1
The proof of Theorem 1:

~f _ f
xk+1‘k; =T T xk+1\k;
_ f %
=Ty~ (In - Lk+1e)q)kf(xkk;—1) - Lk+1Xk;+1\k
_ oS 0
- <In - Lk+1e) (I)kf mk\kq + (In - Lk+1e>q)kf (%)
+<In - LkHe)I/Vk + Lk+1 k1
(131)
~f f
xkﬂ\k T — xkﬂ\k
=TT (I L. )(I) f( k\k 1) 1«+1Xk+1\k
= (In )q) f ‘k -1 <In - Lk+le)¢k’f (zk:)
+<In _Lk:+1 )W + L Xk+1\k
(132)
Sorting out local one-step prediction errors yields
Xk+1\k - (\Ilkf (Xk\k—l) Klﬁrl A~ 1Hkh (ka—l))
+(\I’kef( ) K:jrlk‘k 1Hkh (xk:)) +(6W Klﬁlk‘k 1V)
(133)
where,
_ N B T
1 N
f(Xk\kfl) = f(xk‘kfl)’“.’f(xk‘kfl) (134)
U, = diag (2, @, |
Klﬁlk\k 1 dzag( k+1k\k i ’K:+i/kkl) (135)

H, = diag(H}, - H)")

28

B _ T
h(Xk‘k—l) = [ 1(3511\/#1)’ ’hN( kfk 1) (136)
\i/k = dz’ag(qsk, ,ék)

H, = diag(H},-, )

hle,) =[x, ), (:nk)r (137)

V=i v

Then, the one-step prediction error covariance matrix is

T
f
Pkﬂ\k E Ikﬂ\k k+1\ ‘Yk
o E ~T( o’
(-1 R
’ 5P T W
+OP B[ (2,) " (2,)] + Q)
<I B Lk+le) + Lk+1 k+1‘kLZ+1 +A+A
(138)
where,  Z, e =( kfj‘;) means  that  all
Pkif‘;,i j= L, N are arranged into a square matrix in
the order of row ! and column j .
Let
aa = E|f x]f‘kfl fr (kaﬂ (139)
bb=E|f xkkl)ﬁT (ka 1)] (140)
T
cc=F f(a:k>(ef(a:k)) (141)
dd = E[f(xk) (xkﬂ (142)
( ) CID/aa\I/Z —
A=(I e rtLf
n k+1 2 k+1
@0b(K7,,, |
+(I _Lk+1 ){Q?P Qq)HddT}Lfﬂ
+(In, - Lk+1€) {Q:VW ! SWV( o k— 1) }L§:+l
(143)
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It is worth mentioning that, according to the definition of
matrix A, B later, A can be rewritten as

A= (IL Lk+1e)ALZ+1 <IL Lk“e)BLZH
([ —Lk+1e){QWW T SWV( k+1k\k 1) }LZH
(144)
where,
T
= J el ) (el
E f< k)fT( k)
Troor w0
B\ (xkfk—l)f ) (X’f“)] (147)
=S el )7 [y v

The other expected terms are the same as the linear space of
equation (147), so the probability density functions are all

k
N".

similar and will not be repeated here.

The integral formula for finding the expectation is

1 A T
S:VV _ S:VV 7...,5‘:”/ (148)
where, N; = N(xka Xl 19Pk\k 1)
X
5 z, x’{\’ffl Pk‘k : o
Ny =N o
k k\/H K1 THk-1

Based on the minimum mean square error criterion, L,

is obtained as follows. Let

8257‘( +1k)
oL B

k41

=H+M=0

(149)

where, H and M represent the first-order term and
constant term after derivation, respectively. For the sake of

clarity, the derivation process of P  is divided into three

k+|

parts, including the derivation of the /1 part, the derivation

29

of the A , and the derivation of the rest, which correspond
to the first-order term and the constant term as

H,,H,,H,,M,,M,,M,. The details are as follows

H =L eA-L,(eA)
—L, Be—1L (Be)T (150)
-L, [QeQE/eT —eD — (eD)T]
Considering
(‘31&1“(2152?) o otr (ZETZT)
— 1 —AB+ AB" = —————— one
0A 0A
can obtain
H,=H (151)
H, =2L, +1eC’e +2L, HeQ:V e’ +2L 2 M‘k (152)
where,
(ﬁkE f(xlf‘kfl)fT (Xk:‘kfl )] \Ili
A= B 5 T
- B f(xl{‘k—l)hT (Xk‘k—l )}(Kﬁiuk1Hk)
(153)
OB (s, (e (1) |
B={ o1 (154)
—QfHE[f( )hT( )} /Zlk\k 1)
C = @ E[f( k‘k )J} ( ]”v‘]” 1)] AT (155)
B[S ()1 (2,
T
D= é?”“’( . 1) (156)
Then,



MEASUREMENT SCIENCE REVIEW, 22, (2022), No. 1, 17-31

H=H, +H,+H,

—oH, +H, Take L,,, and A, B into (34) to get /. Take L,,, and

T Ainto (33) to get a one-step prediction covariance, and take
L eA=1L, (eA) L, ., into (26) to get a one-step prediction mean.

T
=2|-L_,Be— L, (Be)

T Appendix 2
QeQWWeT —eD — (eD)
: The proof of Theorem 2:
+ﬂ;ece+agﬂaﬂWT+2gﬂkﬂk Proof:
T 7! =z —qf
eA + (eA) + Be ke 1fk+1 T+l k11
f N
— —2Lk+1 —l—(Be) —eCe’ k+1\k =T, (I, Lk+le) xkﬂ\k Lk+1Xk+1\k+1
[eQWW T _ oD —(eD) ] (157) ( L. > Lrrle +L 1 b1
(163)
M =A+ B_|_Q:VW el —D (158) The local estimation error is rewritten as
BT 1RT T, — =z — K" ¢
8tr(BA ) atr(AB ) _ B Tkt T TR k+1\k ECr1
Considering = = = = B, then ool
3/1 5’A . K‘LU Hk-‘rlh ( k+1‘k
i l‘k k1K i i i
M =M (159) +Hk+1h (%H) V] (64
2 1 -
_ 'y i i i
{ } ( k+1\k _Kkﬂ‘kﬂk-&-lh ( k+1\k )
M, =-2{C+Q"}te" (160)
3 k . 'y i 'y i
Kk+1\k k+1h ( k+1> Kkﬂ\k k+1

and

Sorting out local estimation errors yields

M =M, +M,+M,
=2(4+B+Q'e" —D)-2{C+q}e" (6D

X =|X_, - K" H "X
=9 (A +B-Ce" —D-Q eT) Ffe+L ( e ( ke )) (165)
lel\kaﬂh( k+1> Kkil‘k‘/k-%—l
Therefore,
H+M=0

Similar to the definition of K keLkk-1 > we have

eA-k@Afﬂ+Be+(BQT

=L +[€QWW6T —eD— (eD)T} K'Xl‘k diag(K]fj‘k, K’:“Tk )

k+1 The error covariance matrix is

—eCe’ — k+1\k
T

EZi%_i;;;ffww o0 (162) B = ZELEka+1 £+1k“) ‘};+l

_ +Q'" te
e by
= Lzm | ww | T r
2{0 + Qk }e B (IL Lk+16) Ev]:rl‘k (I LkHe)
eA+(eA) + Be+(Be)' +(I, L) P ()
. n k17 ) kel bR
X +(€QWW€T —eD — (ED) } + L= k+1\1<+1LkT+1
—eCe” (166)

k+1\k

30
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Based on the minimum mean square error criterion, we have

T
/X x/ x x! x
Pk+1\k - |:Pk+l\k’ ’ ’Pk+1\k }

5 P ; where, , and let
tr
1h+1 I —L e=W
B _opl e oL eP! T T
oL k1) l‘k
k+1
z X
+ (Pk+1k k41 2L P ) \IJCI) f i N d Ll
T k+1\k k\k 1 k\k 1 k
+ PJ<+1\k k+1 2L ( k+1kk+1) € ] T T
—wa, [ fa! )(h 7' )) N.d| | x
+ 2L k+1\k+1 k k-1 K1 5 z,
=0 T T
z'y’ H7 +\I’é f( )fT( )Nd kRT
(167) kL k17" k L, Ly, ) V5 x|k
k
Then, - : T z, . T
X 2/ X ’ T, = _\Pq)kff(xk)(h (mk )) N5d T ( k+1 k\k 1H )
L 6P 1\14 - eP ekl (Bﬁtl‘kj%l) e + :k+1\k+1 ’ k
. e —f—\I/ W SWV’ ( z'y’ )
Pkﬂ\k E«H\k k1 [Q’“ k F+LAfk-L
o f T palX Xi
= Lk (Pkﬂ\k Bc+1‘k,k+l) +Lk Pk+1‘
r - (170)
o' X o' X T, =
[GP +1\L 'PL+1‘1¢ k+1 (Ecﬂ\kkﬂ) e+ “k+1k+1]
X/Xi
(168) X, x[‘k_l Pk\k 1 klk-1
where, Ny = N . , LT -
X X x/ x' X' x'
where, k k-1 ( k‘k_l) il
2/ X _ ~f T . t
Pk+l‘k‘k+1 =F :Ekﬂ‘k)(kH‘k+1 From the definition of Xk+1\k ,
T T
_ gl (XM‘ K;il‘ H, h(XHl‘k)) Pk+1\k [Pkﬂ‘k , ,Pkﬂ‘k } . Obviously the information in
- K1k | ey -
KHl\kaHh( Hl) K/«H\AVHI Pk)f;‘k has been calculated in the one-step prediction process,

so we can get the formula (169). Taking (169) into (168)
yields L,, . Taking (168) and L, , into (166) yields

T
_ ~f
=E xkﬂ\k (Xkﬂ\z Kkﬂ\kH h( k+1\k ))

T . . . .
_ palx ~f 7T 51 | T o corrected covariance. Taking L, .. into (34) yields corrected
Pk+l‘k kaﬂ\kh (Xml\k)N d (KJ H 1) B St Gy
+1

k1Jk

estimation.

(169)
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