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Approximation by Rational Functions.
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The paper deals with  analytical functions or experimental measured dependencies
approximation by rational functions which is useful in the nonlinear analog function
block design, the approximation of inverse functions and calculation of the transfer
function parameters from measured data of the amplitude frequency characteristic.

In the technical praxis is very often necessary approximation of dependencies by
rational functions. The dependencies are usually given in analytical form or in measured
data form.

If the approximated function  f(x) is given in analytical form for the approximation by
rational function we can use the Pade approximation in following form

                          ( ) ( ) ( )
( ) srN

xbxbxb
xaxaxaa

xQ
xPxRxf s

s

r
r

s

r
N +=

++++
++++

==≅ ;
1 2

21

2
210

L

L
                  (1)

The most useful of the Pade approximations are those with the degree of numerator
equal to, or one more than, the degree of denominator. The coefficient calculation is
based on Maclaurin expansion of   f(x)  to make  f(x)  and  RN(x)  agree at x = 0 and to
make the first  N  derivatives agree at x = 0. From  these conditions follows next
expressions.
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From the equations (2), (3) are resultant following matrix expressions
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From these matrix equations we can calculate the required coefficients raaa L10 ,  and

sbbb L21 ,    by following matrix expressions
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The dimension of matrices A2, A1 are ss ⋅  and ( ) ( ).11 +⋅+ sr   The values r, s in
technical applications are usually not larger then 5.

If the function  f(x) is given by measured data pair then the rational function
approximations   can  be  made by  following manner.   For  every  data  pair    xi,  yi ,
i = 0,1...N, is valid expression  1 and we can write following expression
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where  x i , yi  are known (measured) data and aj , bk  are required unknown
coefficients. The  expression (6) we can write in following form too
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By the equation  (7) for  i = 0,1, ... N we can give following   N +1  equations written
in matrix form

                                        [ ] [ ] [ ]aXy ⋅=                                                                   (8)

where
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If in the system of equations there is   N = r + s  , then the required coefficients
raaa L10 , , sbbb L21 ,    we can calculate by following expression

                                                    [ ] [ ] [ ]yXa ⋅= −1                                                     (10)

If in the system of equation (8) there is   N > r+s  then we can calculate the required
coefficients by following expression  ( least-square method )
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The approximation by rational function is useful too on calculation of inverse
functions, which are necessary in linearization of measurement instrument static
characteristic nonlinearitly. The static characteristic of measurement instrument  is
usually given by measured data pair,  xi , yi  and usually is approximated by
polynomial or rational functions in following forms
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  In the linerarization   process is exploited the property of inverse function  ( )xϕ
which we can  express by the following expression

                          ( ) ( )( ) ( )( ) xxffxfy === −1ϕϕ                                                   (14)

and for the rational form of the inverse function it will be  valid following record
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For i = 0,1,2…N  by equation (15) we can write  r + s +1 equations for unknown
coefficient sr BBAA LL 10 ,  and the value of  N must be  N ≥ r + s. Then the solution
of these equations can be made by the same method which is used in solution of
equations (8). The inverse function will have then the following rational form
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The approximation by rational functions can be used too in approximation of functions
sinx,  cosx,  tgx,  arctgx and others in its realization by electric analog function blocks
and in calculation of transfer function,  parameters from the discrete measured data of
the amplitude frequency characteristic. The described methods of the approximations
by rational functions enable the calculation of the required parameters by solving
linear system of equations and the application of the least-square method in these
calculations.
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